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PREFACE 


The  use  of  the  differential  geometry  of  a  Riemannian  space 
in  the  mathematical  formulation  of  recent  physical  theories 
led  to  important  developments  in  the  geometry  of  such  spaces. 
The  concept  of  parallelism  of  vectors,  as  introduced  by  Levi- 
Civita,  gave  rise  to  a  theory  of  the  affine  properties  of  a 
Riemannian  space.  Covariant  differentiation,  as  developed 
by  Christoffel  and  Ricci,  is  a  fundamental  process  in  this 
theory.  Various  writers,  notably  Eddington,  Einstein  and 
Weyl,  in  their  efforts  to  formulate  a  combined  theory  of 
gravitation  and  electromagnetism,  proposed  a  simultaneous 
generalization  of  this  process  and  of  the  definition  of  paral¬ 
lelism.  This  generalization  consisted  in  using  general  functions 
of  the  coordinates  in  the  formulas  of  covariant  differentiation 
in  place  of  the  Christoffel  symbols  formed  with  respect  to 
the  fundamental  tensor  of  a  Riemannian  space.  This  has 
been  the  line  of  approach  adopted  also  by  jCartan,  Schouten 
and  others.  When  such  a  set  of  functions  is  assigned  to  a 
space  it  is  said  to  be  affinely  connected. 

From  the  affine  point  of  view  the  geodesics  of  a  Riemannian 
space  are  the  straight  lines,  in  the  sense  that  the  tangents 
to  a  geodesic  are  parallel  with  respect  to  the  curve.  In 
any  affinely  connected  space  there  are  straight  lines,  which 
we  call  the  paths.  A  path  is  uniquely  determined  by  a 
point  and  a  direction  or  by  two  points  within  a  sufficiently 
restricted  region.  Conversely,  a  system  of  curves  possessing 
this  property  may  be  taken  as  the  straight  lines  of  a  space 
and  an  affine  connection  deduced  therefrom.  This  method 
of  departure  was  adopted  by  Veblen  and  the  writer  in  their 
papers  dealing  with  the  geometry  of  paths,  the  equations  of 
the  paths  being  a  generalization  of  those  of  geodesics  by 
the  process  described  in  the  first  paragraph. 
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In  presenting  the  development  of  these  ideas  we  begin 
with  a  definition  of  covariant  differentiation  which  involves 
functions  L)k  of  the  coordinates,  the  law  connecting  the 
corresponding  functions  in  any  two  coordinate  systems  being 
fundamental.  Upon  this  foundation  a  general  tensor  calculus 
is  built  and  a  theory  of  parallelism. 

Much  of  the  literature  on  this  subject  deals  with  the  case 
where  the  connection  is  s)unmetric,  that  is  L)-k  =  L\j.  When 
the  paths  are  taken  as  fundamental,  this  is  the  type  of 
connection  which  is  derived.  This  restriction  is  not  made 
in  the  first  chapter,  which  deals  accordingly  with  asymmetric 
connections. 

Vectors  parallel  with  respect  to  a  curve  for  an  asymmetric 
connection  retain  this  property  for  certain  changes  of  the 
connection.  This  is  not  true  of  symmetric  connections.  How¬ 
ever,  it  is  possible  to  change  a  symmetric  connection  with¬ 
out  changing  the  equations  of  the  paths  of  the  manifold. 
Accordingly  when  the  paths  are  taken  as  fundamental,  the 
affine  connection  is  not  uniquely  defined,  and  we  have  a 
group  of  affine  connections  with  the  same  paths,  a  situation 
analogous  to  that  in  the  projective  geometry  of  straight 
lines.  Accordingly  there  is  a  projective  geometry  of  paths 
dealing  with  that  theory  which  applies  to  all  affine  connec¬ 
tions  with  the  same  paths.  In  the  second  chapter  we 
develop  the  affine  theory  of  symmetric  connections  and  in 
the  third  chapter  the  projective  theory. 

For  a  sub-space  of  a  Riemannian  space  there  is  in  general 
an  induced  metric  and  consequently  an  induced  law  of 
parallelism.  There  is  not  a  unique  induced  affine  connection 
in  a  sub-space  of  an  affinely  connected  space.  If  the  latter 
is  of  order  m  and  the  sub-fepace  of  order  n,  each  choice 
at  points  of  the  latter  of  m  —  ri  independent  directions  in 
the  enveloping  space  but  not  in  the  sub-space  leads  to  an 
induced  affine  connection,  and  to  a  geometry  of  the  sub¬ 
space  in  many  ways  analogous  to  that  for  Riemannian 
geometry.  Under  certain  conditions  there  are  preferred  choices 
of  these  directions,  which  are  analogous  to  the  normals  to 
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the  sub-space.  The  fourth  chapter  of  the  book  deals  witli 
the  geometry  of  sub-spaces. 

A  generalization  of  Riemannian  spaces  other  than  those 
presented  in  this  book  consists  in  assigning  to  the  space  a 
metric  based  upon  an  integral  whose  integrand  is  homogeneous 
of  the  first  degree  in  the  differentials.  Developments  of 
this  theory  have  been  made  by  Finsler,  Berwald,  Synge  and 
,T.  H.  Taylor.  In  this  geometry  the  paths  are  the  shortest 
lines,  and  in  that  sense  are  a  generalization  of  geodesics. 
Affine  properties  of  these  spaces  are  obtained  from  a  natural 
generalization  of  the  definition  of  Levi-Civita  for  Riemannian 
spaces.  Berwald  has  also  obtained  generalizations  of  the 
geometry  of  paths  by  taking  for  the  paths  the  integral 
curves  of  a  certain  type  of  differential  equations,  and  Douglas 
showed  that  these  are  the  most  general  geometries  of  paths: 
he  also  developed  their  projective  theory.  References  to 
the  works  of  these  authors  are  to  be  found  in  the  Biblio¬ 
graphy  at  the  end  of  the  book. 

This  book  contains,  with  subsequent  developments,  the 
material  presented  in  my  lectures  at  the  Ithaca  Colloquium, 
in  September  1925,  under  the  title  The  New  Differential 
Geometry.  I  have  given  the  book  a  more  definitive  title. 

In  the  preparation  of  the  manuscript  I  have  had  the 
benefit  of  suggestions  and  criticisms  by  Dr.  Harry  Levy. 
Dr.  J.  M.  Thomas  and  Mr.  M.  S.  Knebelman,  the  latter  of 
whom  has  also  read  the  proof. 

September,  1927. 

Luther  Pfahler  Eisenhart. 
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CHAPTER  I 


ASYMMETRIC  CONNECTIONS 

i .  Transformation  of  coordinates.  Any  ordered  set  of  n 
independent  real  variables  x\  where  i  takes  the  values  1,  ••  •  ,  n, 
may  be  thought  of  as  coordinates  of  points  in  an  n-dimensional 
space  Vn  in  the  sense  that  each  set  of  values  of  the  re’s  defines 
a  point  of  V„ .  The  terms  manifold  and  variety  are  synonymous 
with  space  as  here  defined.  If  y1'  (re1,  •  •  • ,  xn)  for  i  =  1,  •  •  • ,  n 
are  real  functions,  whose  jacobian  is  not  identically  zero,  the 
equations 

(1.1)  x'x  =  <p 1  (re1,  •  •  •,  rrn)  (i  =.  1 ,  •  •  •,  n) 


define  a  transformation  of  coordinates  in  the  space  F». 

If  A*  and  X'1  are  functions  of  the  re’s  and  rer’s  such  that 


(1.2) 


Xi  =  X 


/« 


3  re* 


3rc 


/« 


in  consequence  of  (1.1),  A*  and  A"  are  the  components  in  the 
respective  coordinate  systems  of  a  contravariant  vector.  In 
(1.2)  we  make  use  of  the  convention  that  when  the  same 
index  appears  as  a  subscript  and  superscript  in  a  term  this 
term  stands  for  the  sum  of  the  terms  obtained  by  giving  the 
index  each  of  its  n  values;  this  convention  will  be  used 
throughout  the  book.  From  (1.2)  we  have  by  differentiation 

3A»  __  3  A'g  dxi  dx,p  .  x,a  dixi  dx? 

c>xj  dx,fi  3 re*  dxJ  dx'a  dx'P  dxJ  ' 


It  is  assumed  that  the  reader  is  familiar  with  relations  con¬ 
necting  the  components  of  a  tensor  in  two  coordinate  systems.* 

*  Cf.  1926,  1,  pp.  1-12.  References  are  to  the  Bibliography  at  the  end 
of  the  text. 
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He  will  observe  that,  because  of  the  presence  of  the  last 
term  in  the  right-hand  member  of  (1.3),  the  derivatives  of 
and  A'*  are  not  the  components  of  a  tensor. 

Consider  further  a  symmetric  covariant  tensor  of  the  second 
order  whose  components  in  the  two  coordinate  systems  are  gg 
and  g'ap  such  that  the  determinant 

(1-4)  g  =  M 


is  different  from  zero.  From  the  equations 

,  dxi  d  xi 


9ap 


9iJ  dx'a  dx'P 


we  get  by  differentiation 

fyafi  dgij  dxl  dxi  d  x*‘ 


dx'r 


dx*  dx'“  dx'P  dx'r 
dxi  d2xJ 


+  9ij 


+ 


dx> 


dixt 


dx'a  dx'^  dx'r  dx'P  dx*  d x'rl 


A  similar  observation  applies  to  these  equations.  However, 
there  are  n2(n-f  l)/2  of  these  equations,  and  they  can  be 

dixi 

solved  for  the  n2(n-{-  l)/2  quantities  — -  "  We  obtain 


dx'a  dx'P 


(1.5) 


3*a1' 


+ 


dxk 

=  m' 

’  9a-  * 

U&J  dx'a 

dx'P 

dx'r  ’ 

dxa  dx'P 

where  -J  *Jare  the  Christoffel  symbols  of  the  second  kind, 
that  is, 

d.6)  = su*. *,  uk, 

where  gih  are  defined  by 

(1.7)  9h  9Jh  =  <*j,  $  =  1  or  0  as  i  =  j  or  i\  j. 

3*  a;* 

When  we  eliminate  - - - -  from  (1.3)  by  means  of  (1.5), 

dx'dx? 

we  obtain 
*  1926,  l,  p.  19. 
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3 


(1.8) 
where 
0-9)  X*j 


dxi 


3  x'P 

3a7~’ 


3  A'“ 

YxY 


+  A'r 


From  (1.8)  we  see  that  l\j  and  A'ft>(3  are  the  components  of 
a  tensor  in  the  two  coordinate  systems.  Thus  we  have  formed 
a  tensor  by  suitable  combinations  of  the  first  derivatives  of 
the  components  of  a  vector  and  a  tensor. 

If  gij  is  the  fundamental  tensor  of  a  Riemannian  space, 
then  l\j  is  the  covariant  derivative  of  A\  However,  the 
theory  of  covariant  differentiation  in  a  Riemannian  space  has 
nothing  to  do  with  the  fact  that  the  tensor  g g  is  used  to 
define  a  metric.  Consequently  this  theory  can  be  applied  to 
any  space,  if  we  make  use  of  any  tensor  gg  such  that  g  ^  0.* 
2.  Coefficients  of  connection.  We  have  just  seen  that 
when  a  symmetric  tensor  gg  is  specified  for  a  space  we  have 
an  algorithm  for  obtaining  tensors  from  other  tensors  by 
differentiation.  But  this  process  is  a  special  case  of  a  much 

more  general  one.  In  fact,  the  fundamental  element  in  the 

3  *  x{ i 

former  consisted  in  the  elimination  of  —  — —  from  equations 

d  x  d  x  P 

(1.3)  by  means  of  (1.5).  From  this  it  is  evident  that  if 
Ljk  and  L'ra p  are  functions  of  the  x’s  and  xMs  satisfying 
the  equations 


(2.1) 


JV _ 

3  x,(t  3  x'P 


+  L% 


3  x-> 

Q  rcc 

0  X 


d  xk 
3  x'P 


3  xi 
3  x'y  ’ 


the  quantities  X\ j  and  A'  p,  where 


(2.2)  = 
are  i 
(2.3) 


3  A 


dxJ 

are  in  the  relations 


r  +  X  L 


hj  > 


a  5 ,fi 

■)  I U  _  0  /.  .  !  ,  ,cc 

k  I/*  =  TW  +  k  h? » 
3  x  r 


A*,;  =  A 


/« 


l/» 


d  xl  3  x'P 


3  x  3  x 


and  consequently  are  components  of  a  tensor. 
*  Cf.  1926,  1,  pp.  26-30. 
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Conversely,  if  equations  (2.3)  are  to  hold  for  any  vector,  it 
follows  from  (1.3)  that  we  must  have 


3*** _  dr7*  i  Ti 


dxadx'0  dxJ 


dxl  dx'^  T,y 
a  x'r  a  xJ 


which  are  equivalent  to  (2.1),  since 
(2.4) 


a  x'0  a  ay  tp 

TJ-  Tj*  ~  ’ 


dx.J  dx 
dx*  3  a* 


= 


If  we  take  any  set  of  functions  L)k  of  the  r’s,  equations 
(2.1)  determine  the  corresponding  functions  in  any  other 
coordinate  system  x'x  such  that  equations  (2.2)  define  the 
components  of  the  same  tensor  in  the  two  coordinate  systems. 
The  particular  form  of  the  functions  L)k  in  (1.5)  arose  from 
a  tensor  gy,  and  there  are  other  ways  (cf.  §  18)  in  which 
we  get  functions  L)k  and  Lap  in  two  coordinate  systems 
satisfying  (2.1).  Whenever  in  any  way  such  a  set  of  functions 
is  assigned  to  a  manifold  we  say  that  the  latter  is  connected 
and  that  the  L’s  are  the  coefficients  of  the  connection. 

(  i  1 

From  (1.6)  it  is  seen  that  the  symbols  j  (  are  symmetric 


in  j  and  k.  Wre  remark  that  from  the  form  of  (2.1)  it  follows 
that,  if  the  L's  are  symmetric  in  the  subscripts  in  one  coor¬ 
dinate  system,  the  corresponding  coefficients  in  any  coordinate 
system  are  symmetric.  We  do  not  make  the  restriction  that 
they  be  symmetric,  and  for  the  present  consider  the  more 
general  case  where  the  connection  is  asymmetric.  Cartan* 
uses  the  terms  with  torsion  and  without  torsion  for  the 
asymmetric  and  symmetric  connections  respectively. 

When  we  express  the  conditions  of  integrability  of  equa¬ 
tions  (2.1),  making  use  of  (2.1)  in  the  reduction,  we  obtain 


(2.5) 


dxi  dx*  dx1 
dxa  dx'0  dx'r 


j-/a  dx 


*  1923,  5,  pp.  325,  326. 
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where 

(2.6)  L‘m  =  ^  +  L)i  LL  -  L%  Li, , 


and  similarly  for  L'fpr.  From  the  form  of  (2.5)  it  follows 
that  L)ki  and  Uupy  are  the  components  of  a  tensor.  Also  if 
in  (2.6)  the  functions  L)k  are  replaced  by  the  Christoffel 


symbols  j  formed  with  respect  to  ga,  the  tensor  L)ki 


becomes  the  Riemannian  curvature  tensor  of  a  Riemannian 
space  with  the  fundamental  tensor  gg*  Accordingly  we 
call  Ljki  the  curvature  tensor  of  the  space. t 

3.  Covariant  differentiation  with  respect  to  the  L's. 
Since  (2.2)  are  a  generalization  of  (1.9),  we  call  the  tensor 
of  components  A*  k  the  first  covariant  derivative  of  A*  with 
respect  to  the  given  connection,  or  briefly,  with  respect  to  the  L's. 

If  A,  are  the  components  of  a  covariant  vector-field,  it  is 
readily  shown  by  means  of  (2.1)  that  the  quantities 
given  by 


(3.1) 


are  the  components  of  a  tensor  of  the  second  order.  It  is 
the  first  covariant  derivative  of  the  vector  f  with  respect  to 
the  L's. 

In  general  it  can  be  shown  that,  if  arf  "rsm  are  the  com¬ 
ponents  of  a  tensor,  the  quantities 


(3.2) 


,  l"  rm 


3  arf 


dxl 


+ 


1,..  . m 

2 


ra-iJra+i 


rm 

■Sfi—iksp+i"  SP 


are  the  components  of  a  tensor  of  order  m  -f-  p  -j-  1 ,  the  first 
covariant  derivative  of  the  given  tensor.  As  a  consequence 
of  this  definition  we  have 


*  1926,  1,  p.  19. 
f  Cf.  Schouten,  1924,  1,  p.  83. 
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The  first  covariant  derivative  with  respect  to  the  L's  of  the 
tensor  d)  is  zero. 

If  in  (3.2)  the  L's  are  replaced  by  the  corresponding 
Christoffel  symbols  (1.6)  of  the  second  kind,  we  obtain  the 
formulas  for  covariant  differentiation  with  respect  to  the 
fundamental  tensor  of  a  Riemannian  geometry.*  As  in  the 
latter  we  can.  establish  the  theorem: 

Covariant  differentiation  of  the  sum,  difference,  outer  and 
inner  product  of  tensors  obeys  the  same  rides  as  ordinary 
differentiation. 

In  order  that  this  theorem  may  hold  for  the  case  of  an 
invariant  obtained  by  the  inner  multiplication  of  a  contra- 
variant  and  a  covariant  vector,  it  is  necessary  that  we  define 
the  first  covariant  derivative  of  an  invariant  (or  scalar)  to  be 
its  ordinary  derivative. 


{  i  \ 

Since  the  Christoffel  symbols  are  symmetric  inj  and  h. 

equations  (3.2)  are  not  the  only  generalization  of  covariant 
differentiation  in  Riemannian  geometry.  Thus  if  in  (3.2)  we 


replace  ilff  and  Ly  by  ilff  and  L%p,  we  again  obtain  com¬ 
ponents  of  a  tensor,  as  follows  from  the  following  considerations. 
When  we  put 


(3.3) 


Ljk  —  iXj  =  2  <4, 


we  have  from  (2.1)  that  Sl)k  are  the  components  of  a  tensor. 
Consequently  the  differences  between  the  quantities  defined 
by  (3.2)  and  those  obtained  by  the  change  described  above 
are  the  components  of  a  tensor. 

Still  other  definitions  of  covariant  differentiation  are  possible. 
Thus  recently  Einsteini  was  led  to  the  consideration  of  the 
equations 

9  dy  rh  Th  n 

n  u  Ui/i  Lkj  Uhj  Liik  0. 


From  (3.2)  and  (3.3)  it  follows  that  the  left-hand  members 
of  these  equations  are  the  components  of  a  tensor.  However, 

*1926,  1,  p.  28. 

1 1925,  11. 
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if  dij  —  h :  i uj,  the  above  theorem  as  regards  products  does 
not  hold,*  if  we  define  the  left-hand  member  to  be  the  covariant 
derivative  of  ay. 

When  dealing  with  asymmetric  connections,  we  shall  ad¬ 
here  to  (3.2)  as  the  formula  for  covariant  differentiation. 
Several  subscripts  preceded  by  a  solidus  (|)  indicate  repeated 
covariant  differentiation  with  respect  to  the  L' s. 

4.  Generalized  identities  of  Ricci.  If  0  is  an  invariant, 
its  second  covariant  derivative  is  given  by 

a  -  d*d  Tk  n 

e,J  ~  dxi  dxi  LlJ 

From  this  expression  it  follows  that 

(4.1)  dij—  dji  =  —  2dlk  s4, 

where  Si^j  are  defined  by  (3.3);  we  recall  also  that  they  are 
the  components  of  a  tensor. 

Proceeding  in  like  manner  with  a  contra  variant  vector  Xi, 
a  covariant  vector  h  and  a  covariant  tensor  ay.  we  obtain 
respectively 

(4.2)  X\jk  —  Xl\ kj  =  — Xh  Lhjk  —  2  Xl\u  J2jk, 

(4.3)  h\  jh — Xi\kj  =  hi  Lijk — 2  h\h  . 

(4.4)  Oy\ja  —  ayiik  =  ahj  Ihu  +  (Uh  L%  —  2  aij\h  --w . 


And  in  general  we  have 
(4.5) 


1,  ■  ‘,m 

-  2 

?  1 


2 

a  1 


-1  hrfi+l '  ‘  rn 


-I**, 


a+i 


jh 

■sp  ^ saki 


r™  rJ1 
•*,l  hilkV 


The  foregoing  identities  are  generalizations  of  the  Ricci 
identities  of  Riemannian  geometry .t  When  covariant  differen¬ 
tiation  is  used,  it  is  advantageous  to  use  (4.5)  in  place  of  the 

*  Cf.  J.  M.  Thomas,  1926,  13,  p.  189. 

1  1926,  1,  p.  30;  cf.  Schouten,  1924,  1,  p.  85. 
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customary  conditions  of  integrability  of  ordinary  differentiation, 

namely  — {-^-7 )  =  -~~r  ,  which  are  used  in  fact  in 

J  dx->  \dx']  dtf  \  3  aW  , 

the  derivation  of  the  generalized  identities  of  Ricci. 

5.  Other  fundamental  tensors.  If  we  put 

(5.1)  4  =  -i-Oi+Li,), 

it  follows  from  these  equations  and  (3.3)  that 


(5.2) 


L%  =  rjk+  s>%. 


Thus  fju.  and  ii)k  are  the  symmetric  and  skew  -  symmetric 
parts  respectively  of  L)k.  Substituting  these  expressions  in 
(2.6),  we  obtain 

(5.3)  Lju  =  Bjw+J 2jw, 

where 


a  r'n  a  r)k 


(5.4)  — 
and 

(5.5)  SJjia  —  fjjij/c  —  Sljk\i  -f-  Sifd  f-jk - S-hk  &jl  —  2  iijh  i-kl- 

From  equations  (2.1)  and  (5.2)  we  have 


(5.6) 


dtxi 


3  x^  3  x 


- f-  I  ’1 

>r  ' 


3  xi  3  xk 


jk 


dx'P  d  x'^ 


■=  r 


3  x? 


fir 


dx 


/« 


Since  these  equations  are  of  the  form  (2.1),  it  follows  that 
Bjhi  are  the  components  of  a  tensor.  This  is  evident  also 
from  (5.3),  since  Si)ki  are  the  components  of  a  tensor. 

From  (5.3),  (5.4)  ahd  (5.5)  it  follows  that  the  tensors 
Ljtu ,  Bj]d  and  il)ki  are  skew-symmetric  in  the  indices  k  and  l. 

If  Bjk  denotes  the  contracted  tensor  Bjid  and  bjk  and  fijk 
denote  respectively  the  symmetric  and  skew-symmetric  parts 
of  Bjk,  we  have  from  (5.4) 


(5.7) 


bjk  — 


1  lllk  1  dr^k) 

2  \  d  d  x-i  / 


a  r% 

3  a* 


+  ji/i  vil  ri/l  ri  t 

1  ji  7  hk  —  *  jk  *  hi, 
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(5.8) 


1 

f  3  4 

drhhk\ 

2 

\  dxk 

dx-i  / 

We  shall  show  that  fijk  is  the  curl  of  a  vector.  In  fact, 
let  gij  be  any  symmetric  tensor  of  the  second  order  and 
form  the  Christoffel  symbols  of  the  second  kind;  if  we  put 

(5.9) 


it  follows  from  (1.5)  and  (5.6)  that  ajfc  are  the  components 
of  a  tensor  symmetric  in  the  indices  j  and  k.  Since 

J  *  l  3lo * 

Hf  dx-i  ’ 

it  follows  from  (5.8)  and  (5.9)  that 


(5.10) 


fijk  = 


_1_  /  daj 
2  \  dxk 


dak  \ 
dxjy 


If  in  place  of  taking  the  tensor  we  had  taken  any  other 
tensor  gy,  the  function  gt~g  is  a  scalar,  and  consequently 
aj  in  (5.10)  would  have  been  replaced  by  aj  plus  a  gradient. 
From  (5.4)  and  (5.8)  we  obtain 


(5.11) 

If  we  put 

(5.12) 


&kl  B\kl  ^  ^ Ik' 

=  4  =  -4, 


we  have  from  (5.5)  by  contraction  for  i  and  l  and  for  i 
and  j  respectively 

(5.13)  S2jk  ~  si)H  =  -  ( %lk  +  n)kli  4-  uh  4  +  4  4) 
and 


(5.14) 


®kl  —  1-ikl  - 


dill 

dxk 


dS2k 

dx1 


As  a  consequence  of  (5.3),  (5.10),  (5A1)  and  (5.14)  we  have: 

The  skew-symmetric  tensor  is  the  curl  of  the  vector 
—  (ai  +  S2i),  where  Oi  is  determined  to  within  an  additive 
arbitrary  gradient. 

*  1926,  1,  p.  18. 
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When  the  expressions  (5.9)  are  substituted  in  (5.4)  and  we 
denote  by  Bljkl  the  components  of  the  Riemannian  curvature 
tensor  for  the  tensor  gg,  we  have 


(5.15)  B^IU  l\'jU  +  cij).. t -(-  a7hk  (ijk  all(l , 


where  a  semi-colon  followed  by  an  index  indicates  covariant 
differentiation  with  respect  to  the  g’s.  Contracting  for  i  and  l 
and  for  i  and  j,  we  have 


(5.16) 


B 


=  *Jk 


jk;  i 


hk 


Uh 


and  (5.10),  in  consequence  of  (5.11).  From  (5.16)  it  follows 
that  the  symmetric  part  of  Bjk  is 


(5.r7)  bjk  =  RJk  +  Y(d;.k+ak.;)  — ajfc;f  + aj, 


lhk 


“jka  ti¬ 


lt  the  symmetric  tensor  bg,  defined  by  (5.7),  satisfies  the 
condition  that  the  determinant  |  bg  is  not  identically  zero, 
it  may  be  made  to  play  a  role  for  the  manifold  analogous 
in  some  respects  to  that  of  the  fundamental  tensor  in 
Riemannian  geometry.  It  is  the  tensor  which  would  naturally 
be  used  for  the  tensor  gg  in  the  above  equations  to  give 
determinateness  to  these  equations.* 

From  (5.8),  (5.10)  and  (5.11)  we  have 

,  _  =  8  Cfc  9  fhj  =  8  (ij  8  a> 

3  xl  8  x-i  3  xl  3  xi  ’ 


from  which  it  follows  that  a  function  g  is  defined  by  the 
equations 


(5.18) 


3  log  V  g 

9cr*~" 


From  the  relation  (5.6)  it  follows  that  between  g  and  the 
corresponding  function  g'  in  another  coordinate  system  xn  we 
have  the  relation 


*  Cf.  Eisenhart,  1923, 


I S~9  =  K?' 

4,  p.  373. 


!  ^  n 

}  dx 
I  d  x-i 
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Consequently  we  have  the  invariant  integral 


J  V  g  d 


dx' 


f 


If  in  (5.18)  we  replace  a,  by  cu 


V^g'  dx 

3  log  8 
3  x‘  ' 


dx' 


where  8  is  an 


arbitrary  scalar,  then  V  g  is  replaced  by  V  g  6.  Hence  for 
a  given  symmetric  connection  there  is  no  uniquely  defined 
fundamental  integral  like  the  volume  integral  of  a  Riemannian 
space.  If,  however,  the  tensor  Sg  is  zero  for  the  connection, 
the  function  g  defined  by  (5.18)  with  eg  —  0  is  uniquely  defined 
and  thus  we  have  a  volume  integral  for  the  space*  which 
is  analogous  to  that  of  a  Riemannian  space.t 

6.  Covariant  differentiation  with  respect  to  the  /”s. 
Since  the  T’s  satisfy  (5.6),  which  are  of  the  form  (2.1).  it 
follows  from  (3.2)  that  the  quantities 


(6.1) 


3  a‘l  T"‘  i, 
.  =  — 

s,  •  •  -sp,  i  g  -r.i  1 


2  r'.° 


a.  1  <• 

i  ,--P 


f 


7ri -"r".  r1'  . 


are  the  components  of  a  tensor.  This  may  be  seen  also  by 
substituting  the  expressions  (5.2)  in  (3.2)  and  observing  that 
the  differences  between  the  resulting  expressions  and  (6.1) 
are  components  of  a  tensor.  The  process  defined  by  (6.1)  we 
call  covariant  differentiation  ivitli  respect  to  the  r’s  and  use 
a  comma  followed  by  indices  to  denote  this  type  of  covariant 

differentiation.^ 

In  terms  of  covariant  differentiation  with  respect  to  the  f  s 
equations  (5.5)  become 


(6.2) 


of...  —  of,  ,  _  of,  ,  !  ()'!.  of , 

--jkl  —  —Jk,l~r—jl  —Ilk 


o'! 


o 


-jk  -hi 


*  Cf.  Veblen,  1923,  8;  Kisenhart,  1923,  9. 
1  1926,  p.  18. 
j  Cf.  1926,  1,  p.  28. 
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If  0  is  an  invariant,  we  have 
(6.3)  0,if—6ji  =  0. 


Also  we  have  the  following  generalized  identities  of  Ricci: 


(6.4) 


1  .  .  m. 


7.  Parallelism.  Paths.  In  a  general  manifold  there  is 
no  a  priori  basis  for  the  comparison  of  vectors  at  different 
points.  For  a  Riemannian  manifold  parallelism  of  vectors, 
as  defined  by  Levi-Civita,*  serves  as  a  basis  for  such  com¬ 
parison.  This  definition  may  be  generalized  for  a  connected 
manifold.  We  say  that  a  curve  is  the  locus  of  points  for 
which  the  coordinates  x *  are  functions  of  a  parameter  i. 
Let  C  be  any  curve  and  consider  the  system  of  differential 
equations 


(7.1) 


dki  ri  d^  _  n 

dt+L*x  nr  ~  °' 


where  the  x’s  in  the  L' s  are  replaced  by  the  functions  of  t 
for  C.  A  solution  of  these  equations,  that  is  a  set  of  functions 
A1,  . . . ,  An  satisfying  them,  is  determined  by  arbitrary  values 
of  the  A’s  for  a  given  value  of  t,  in  accordance  with  the 
theory  of  differential  equations. 

Consider  such  a  solution.  Since  the  A’s  are  functions  of  t 
and  likewise  the  x’s,  the  A’s  are  expressible,  in  many  ways, 
as  functions  of  the  x’s.  Assume  that  the  A’s  considered  as 
functions  of  the  x’s  are  substituted  in  (7.1)  and  that  the 

o  >a 
0  X 

resulting  equations  are  multiplied  by  ■  ■  ■-  and  i  is  summed, 

0X7 

x’a  being  the  coordinates  of  any  other  system  for  the  space. 
By  means  of  equations  obtained  from  (2.1)  by  interchanging 
the  x’s  and  xMs,  the  resulting  equation  is  reducible  to 


dX,a 


1  r ,a  VI®  d'*'  ^ 

+  Li“-1  nr 


*  1917,  1. 


dt 


=  0, 
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where 


=  Xi 


o  ia 

dx 

dx1 


Consequently  a  set  of  functions  A*  satisfying  (7.1)  are  for  each 
value  of  t  the  components  of  a  contravariant  vector.  We  say 
that  they  are  parallel  to  one  another  with  respect  to  the  curve , 
and  that  any  one  of  them  may  be  obtained  from  any  other 
by  a  parallel  displacement  of  the  latter  along  the  curve.  From 
the  above  remarks  it  follows  that  a  family  of  vectors  exists 
parallel  to  any  given  vector  at  a  point  of  C.  Since  parallelism 
has  thus  been  defined  in  terms  of  the  connection,  we  say 
that  the  connection  is  affine  and  that  the  L' s  are  the  coefficients 
of  affine  connection. 

Two  vectors  at  a  point  are  said  to  have  the  same  direction, 
if  corresponding  components  are  proportional.  Accordingly, 
if  a  set  of  functions  A*  satisfy  equations  (7.1),  the  vectors 
of  components 

(7.2)  V  =  <pX\ 


where  <p  is  any  function  of  t,  should  be  interpreted  as  parallel 
with  respect  to  the  given  curve  C.  From  (7.1)  and  (7.2) 
we  have 


(7.3) 
where 

(7.4) 


dV  +L)kiJ^f  =  i 7(o, 


dt 


dt 


m  =  ^ 


Conversely,  if  we  have  any  set  of  functions  A1  of  t  which 
satisfy  (7.3),  they  are  the  components  of  a  family  of  contra¬ 
variant  vectors  parallel  with  respect  to  C\  and  by  means 
of  (7.2)  and  (7.4)  we  find  the  vectors  A*  satisfying  (7.1). 

From  (7.3)  we  have,  on  eliminating  f{t)  and  omitting  the 
bars, 

(n  i  Ti  iJ  /  dXh  ,  rh  dc^\ 

(7-6)  1  r df+L*1  icr)-x[-it 


+^'4r)-o 
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as  the  conditions  of  parellelism  which  hold  for  (7.2)  what¬ 
ever  be  <j‘. 

As  a  particular  example  of  the  foregoing  we  consider  the 
curves  whose  tangents  are  parallel  with  respect  to  the  curves. 
From  (7.5)  it  follows  that  the  equations  of  these  curves  are 

dx-i  ldixl  !  i  dxk  dx'\ 
dt  \  clt 2  1  kl~dT  It  I 

(*.b) 

dxl  ld*xJ  .  j  dxk  dxl  \ 

— dr\~JF+ni^ir  u)  ~ 0i 

and  that,  conversely,  any  curve  defined  by  these  equations 
possesses  the  above  property.  We  call  these  curves  the  paths 
of  the  manifold.  They  are  an  evident  generalization  of  the 
geodesics  of  a  Kiemannian  manifold.* 

From  the  form  of  (7.6)  it  is  evident  that  all  connected 
spaces  for  which  the  T's  are  the  same  but  are  arbitrary 
have  the  same  paths.  Later  (§  12)  it  will  be  shown  that 
this  is  not  a  necessary  condition. 

8.  A  theorem  on  partial  differential  equations.  Con¬ 
sider  a  system  of  partial  differential  equations 

(8.1)  Y~r  =  nq  (0,  x)  (a  =  1,  . . .,  M-  i  =  1.  •  • n), 

where  the  (p's  are  functions  of  the  0's  and  .z’s.  The  conditions 
of  integrability  of  these  equations  are 

3  »/'?  3  (p“  de?  3  (p“j  dip «  o0y 

'  dxJ  +  ddd  dxJ  dxi  +  dor  dxi  ’ 

where  ft  and  y  are  summed  from  1  to  M.  If  these  equations 
are  satisfied  identically,  the  system  (8.1)  is  completely  inte¬ 
grate  and  the  general  solution  involves  M  arbitrary  constants. 
For  in  this  case  we  can  obtain  developments  in  powers  of 
the  z’s,  with  constant  coefficients,  which  satisfy  (8.1),  the 
coefficients  being  determined  by  the  initial  values  of  the  0’s. 

*  1926,  1,  p.  50. 
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If  equations  (8.2)  are  not  satisfied  identically,  we  have  a 
set  Fi  of  equations,  which  establish  conditions  upon  the  0’s 
as  functions  of  the  x's.  If  we  differentiate  each  of  these 

3  0“ 

equations  with  respect  to  the  a;’s  and  substitute  for  — - 

ox 1 

from  (8.1),  either  the  resulting  equations  are  a  consequence 
of  the  set  i^i  or  we  get  a  new  set  F2.  Proceeding  in  this 
way  we  get  a  sequence  of  sets,  Fu  F2.--,  of  equations, 
which  must  be  compatible,  if  equations  (8.1)  are  to  have  a 
solution.  If  one  of  these  sets  is  not  a  consequence  of  the 
preceding  sets,  it  introduces  at  least  one  additional  condition. 
Consequently,  if  the  equations  (8.1)  are  to  admit  a  solution, 
there  must  be  a  positive  integer  N  -such  that  the  equations 
of  the  (i\r+l)th  set  are  satisfied  because  of  the  equations  of 
the  preceding  N  sets;  otherwise  we  should  obtain  more  than 
M  independent  equations  which  would  imply  a  relation  between 
the  x's.  Moreover,  from  this  argument  it  follows  that  N  <  M. 

Conversely,  suppose  that  there  is  a  number  N  such  that 
the  equations  of  the  sets 

(8.3)  Fu  •  •  •,  Fx, 


are  compatible  and  each  set  introduces  one  or  more  conditions 
independent  of  the  conditions  imposed  by  the  equations  of 
the  other  sets,  and  that  all  of  the  equations  of  the  set 

(8.4)  i^A'+i 


are  satisfied  identically  because  of  the  equations  of  the  sets 
(8.3).  Assume  that  there  are  p  (<  M)  independent  conditions 
imposed  by  (8.3),  say  Gr  (0,  x)  =  0.  Since  the  jacobian 


matrix 


I  3  Gv 
YoK 


is  of  rank  p,  these  equations  may  be  regarded 


as  solved  for  p  of  the  0’s  in  terms  of  the  remaining  0’s  and 
the  x's,  and  the  equations  are  then  of  the  form  (by  suitable 
numbering) 


(8.5) 


0"-— cP<i(ep+i,  ••.,  eM,x)  =  0  (tf=i,...,p). 
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From  these  equations  Ave  have  by  differentiation 


3  0a 


Replacing 


dxl  d  O' 

3  ea 


dr  dd"  3 r 


3  xl 


by  means  of  (8.1),  we  have 

3  r  3  r  „ 

xl),t - - —  (/»’.' - ^—r  =  o , 

Yl  3  0'  v*  dxl 


which  equations  are  satisfied  because  of  the  sets  (8.3)  and 
(8.4),  as  follows  from  the  method  of  obtaining  the  latter. 
Accordingly  we  have  by  subtraction 


(8.6) 


3  0ff 
~dx* 


Id9y 
\  dxd 


=  0. 


From  these  equations  it  follows  that,  if  the  functions 
0p+1,  •••,  0M  are  chosen  to  satisfy  the  equations 

(8.7)  *4— r  =  W  (0P+1.  •••>  0*,*), 

where  ipy  is  obtained  from  <py  on  replacing  6a  (a  =  1,  •  •  •,  p) 
by  their  expressions  (8.5),  then  equations  (8.1)  for  «  =  1,  •••,  p 
are  satisfied  by  the  values  (8.5).  Since  the  equations  of 
the  set  Ft  are  satisfied  identically  because  of  (8.5),  it  follows 
that  equations  f8.7)  are  completely  integrable;  for,  the 
equations  arising  from  expressing  their  conditions  of  inte- 
grability  are  in  the  set  Fx.  Consequently  there  is  a  solution 
in  this  case  and  it  involves  M — p  arbitrary  constants. 

When  p  =  M,  we  have  in  place  of  (8.5)  0 "  —  r  0*0 
and  in  place  of  (8.6)  that  the  functions  0n  satisfy  (8.1).  In 
this  case  there  are  no  constants  of  integration.  Hence  we 
have: 

In  order  that  a  system  of  equations  (8.1)  admit  a  solution, 
it  is  necessary  and  sufficient  that  there  exist  a  positive  integer 
N (T  M)  such  that  the  equations  of  the  sets  Fu  •••,  Fn  are 
compatible  for  all  values  of  the  a:’s  in  a  domain,  and  that 
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the  equations  of  the  set  Fn+i  are  satisfied  because  of  the  former 
sets;  if  p  is  the  number  of  independent  equations  in  the  first 
N  sets,  the  solution  involves  M — p  arbitrary  constants.* 

It  is  evident  from  the  above  considerations  that  when  an 
integer  N  exists  such  that  the  conditions  of  the  theorem  are 
satisfied,  they  are  satisfied  also  for  any  integer  larger  than  N. 
However,  it  is  understood  in  the  theorem  and  in  the  various 
applications  of  it  that  N  is  the  least  integer  for  which  the 
conditions  are  satisfied. 

The  above  theorem  can  be  applied  also  to  the  case  when 
there  are  certain  functional  relations  between  the  0’s  and 
x’s  which  must  be  satisfied  in  addition  to  the  differential 
equations  (8.1).  In  this  case  we  denote  by  F0  this  set  of 
conditions,  and  include  in  the  set  Ft  of  the  theorem  also 
such  conditions  as  arise  from  F0  by  differentiation  and  sub¬ 
stitution  from  (8.1).  Then  the  theorem  proceeds  as  above 
with  the  understanding  that  the  sets  F0,  Fi,  •••.  Fjff  shall 
be  compatible,  and  that  the  set  Fn+  i  shall  be  satisfied 
because  of  the  former. 

In  certain  cases  (cf.  §  36)  the  equations  of  the  set  Ft 
consist  of  two  sets  Fi  and  Fi',  such  that,  if  Fi  and  Fi'  are 
those  which  follow  from  Fi  and  F”  respectively,  then  the 
set  Fi'  is  a  consequence  of  Fi.  In  this  case  equations 
Ff  are  a  consequence  of  Fi  and  so  on.  Hence  we  have  that 
all  the  solutions  of  Fi,  •  •  • ,  FJta-i  satisfy  the  set  Fn+  2. 
Accordingly  in  applying  the  theorem  we  have  only  to  consider 
the  sequence  Fi,  •  •  • ,  Fi, 

When  the  functions  xp"  in  (8.1)  are  linear  and  homogeneous 
in  the  0’s,  the  same  is  true  of  the  equations  of  the  sets 
F\ ,  F^  •  •  • ;  moreover  is  at  most  equal  to  M — 1.  From 
algebraic  considerations  it  follows  that  the  conditions  of  the 
problem  are  that  there  exist  a  positive  integer  N  such  that 

*  This  theorem  for  the  case  M  =  p  was  used  by  Chrisioffel,  1869, 
1,  p.  60  in  the  solution  of  a  certain  problem  (cf.  §  28)  and  was  used 
for  the  general  case  in  the  same  problem  by  Wright,  1908,  1,  pp.  16,  17; 
cf.  also,  Bianchi,  1918,  1,  pp.  9-13;  Levi-Civita,  1925,  5,  pp.  40-43  and 
Veblen  and  J.  M.  Thomas ,  1926,  6,  pp.  288-290. 
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the  rank  of  the  matrix  of  the  sets  Fi,  •  •  • ,  F*-  is  M — p(p  1) 
and  that  this  is  also  the  rank  of  the  matrix  of  Fu  •  •  •,  Fx+i. 
When  these  conditions  are  satisfied,  the  solution  of  the 
problem  reduces  to  the  integration  of  a  completely  integrable 
set  of  equations  (8.7),  in  which  now  the  ip's  are  linear  and 
homogeneous.  Consequently  any  solution  is  expressible  as  a 
linear  function  with  constant  coefficients  of  p  particular 
solutions,  and  such  an  expression  with  arbitrary  constant 
coefficients  is  a  solution.  Most  of  the  applications  of  this 
theorem  which  we  shall  make  are  to  equations  of  this  linear 
type.  Moreover,  these  equations  are  of  the  form  in  which 
the  0’s  are  components  of  a  tensor  and  in  place  of  their 
derivatives  we  have  first  covariant  derivatives. 

9.  Fields  of  parallel  contravariant  vectors.  When 
we  have  any  contravariant  vector-field  of  components  A*,  the 
vectors  of  the  field  at  points  of  a  curve  C  are  parallel,  if 

(9.1)  d^-{lh  A*,*  — A<  X\k)  =  0, 

as  follows  from  (7.5).  In  order  that  these  equations  be 
satisfied  for  the  vectors  of  the  field  along  any  curve  of  the 
space  it  is  necessary  that 

Xh  l\k—P  A*|fc  =  0, 

from  which  it  follows  that 

(9.2)  A’jfc  =  A*  pk , 


where  pk  is  a  covariant  vector.  When  pk  is  not  a  gradient, 
d  2^ 

the  function  depends  upon  the  curve,  so  that  if  the 

vector  A*  at  a  point  P  is  subjected  to  parallel  displacement 
around  a  closed  circuit  the  resulting  vector  at  P  will  depend 
upon  the  path;  this  is  shown  in  §  10.  This  will  not  be  the 
case  if  pk  is  a  gradient,  in  which  case  (9.2)  may  be  written 


A*|A: 


v  9  log  y 

3  cc* 


(9.3) 
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.4  field  of  vectors  satisfying  equations  (9.3)  is  said  to  be  a 
parallel  field.  If  we  change  the  components  replacing  A*  by 
A*c i>,  the  new  components  satisfy  the  equations 

(5.4)  ^  =  757+4^^  O- 

If  A*  are  the  components  of  a  parallel  field  they  define  a 
congruence  of  curves  along  any  one  of  which  it  is  possible 

ct  X* 

to  choose  a  parameter  t  so  that  A4  =  Then  from  (9.3) 

(.v  l' 

or  (9.4)  and  (7.6)  we  have: 

The  curves  of  a  congruence  of  curves  determined  by  a  field 
of  parallel  vectors  are  paths. 

From  (4.2)  we  have  that  the  conditions  of  integrability  of 
equations  (9.4)  are 

(9.5)  lhLiJk  =  0. 

When 

(9.6)  Lhjk  —  0. 

equations  (9.4)  are  completely  integrable,  that  is,  a  solution 
is  uniquely  determined  by  arbitrary  values  of  A*  at  a  given 
point.  Hence  we  have: 

A  necessary  and  sufficient  condition  that  there  exist  a  field 
of  contravariant  vectors  parallel  to  an  arbitrary  vector  is  that 

(9.6)  be  satisfied. 

From  equations  (9.5)  we  have  also: 

A  necessary  and  sufficient  condition  that  a  Yn  admit  n 
linearly  independent  fields  of  parallel  contravariant  vectors 
is  that  the  curvature  tensor  Ljia  be  a  zero  tensor. 

If  equations  (9.6)  are  not  satisfied,  on  differentiating  (9.5) 
covariantly,  we  have  in  consequence  of  (9.4) 

(9.7)  lh  Lhjk  mi  =  0. 

Proceeding  in  like  manner  with  these  equations,  ive  obtain 
the  sequence  of  equations 
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A  Lh.jk  mi  m,  —  0, 


(9.8) 


^  Lhjk  mImi-  ■mq  —  0, 


Equations  (9.4)  are  of  the  form  (8.1).  Hence  in  consequence 
of  the  results  of  §  8  we  have: 

A  necessary  and  sufficient  condition  for  the  existence  of  one 
or  more  fields  of  parallel  contravariant  vectors  is  that  there  exist 
a  positive  integer  N  such  that  the  first  N  sets  of  equations  (9.5), 
(9.7)  and  (9.8)  admit  r  Q>  1)  fundamental  sets  of  solutions, 
which  satisfy  the  {N  f  \)th  set  of  equations-,  if  these  conditions 
are  satisfied,  there  are  r  linearly  independent  fields  of  parallel 
vectors  and  any  linear  combination,  with  constant  coefficients, 
of  these  vectors  is  a  parallel  field.* 

Having  thus  obtained  the  conditions  for  one  or  more  fields  of 
parallel  contravariant  vectors  in  invariantive  form,  we  shall 
show  how  all  such  fields  may  be  obtained  by  making  a  suit¬ 
able  choice  of  coordinates. 

Suppose  we  have  r  fields  of  parallel  vectors  of  com¬ 
ponents  l\a),  where  a,  for  a  =  1 , ...,  r,  denotes  the  vector  and  i 
the  component;  we  use  the  notation  that  an  index  in  paren¬ 
theses  indicates  an  entity,  one  without  parentheses  a  com¬ 
ponent.  In  another  coordinate  system  x'1  we  have 

(9.9)  %  =  4» 

Consider  the  system  of  differential  equations 

(9.10)  Xa(d)  =  =  0. 

Since  by  hypothesis  the  functions  A‘0)  satisfy  (9.4),  the 
Poisson  operator  applied  to  equations  (9.10)  gives 

*  This  theorem  for  the  case  £l)k  —  0  was  established  by  Vtblen  and 
T.  Y.  Thomas ,  1923,  1,  p.  590. 


9.  FIELDS  OF  PARALLEL  VECTORS 


21 


(9.11)  (XaXp  —  XfiX, «)0  =  24)  4,  s%j§r* 

We  consider  first  the  case  when  X$  =  0,  that  is,  when 
equations  (9.4.)  become 

(9.12)  X\k  =  0. 

In  this  case  equations  (9.10)  form  a  complete  system,  and 
thus  there  are  n  —  r  independent  solutions  da(x1,  •  •  •,  xn )  for 
a  =  r  +  1,  •  •  •,  n.  If  we  omit  any  one  of  equations  (9.10), 
the  remaining  ones  form  a  complete  system  and  admit  in 
addition  to  the  above  another  independent  solution.  In 
this  way  we  get  r  other  functions  0“  (x1,  •  •  • ,  xn)  for 
a  =  1,  .  • .,  r,  0“  being  the  additional  solution  when  X«(0)  =  0 
is  omitted.  If  we  put 

(9.13)  xri  =  0*  (x\  •  •  • ,  x»), 


from  (9.9)  and  (9.10)  it  follows  that  in  the  coordinate 
system  x'1,  the  components  4)  are  zer°  unless  i  —  «. 

Suppose  now  that  equations  (9.12)  are  expressed  in  this 
coordinate  system,  which  we  call  xi\  then  the  components 
of  the  r  vectors  are  of  the  form 


(9.14) 


a  not  being  summed.  From  (9.12)  we  have 


(9.15) 


xx  d  log  tpa 
°  dx* 


Since  the  T’s  must  be  symmetric  in  the  lower  indices,  it  is 
necessary  that  rpa  be  a  function  at  most  of  x°,  af+1,  •  •  • ,  of1. 
Hence  we  have  the  theorem: 

The  most  general  space  with  a  symmetric  connection 
admitting  r  fields  of  parallel  contravariant  vectors  is  obtained 
by  choosing  arbitrarily  the  coefficients  4-  for  a  and  r  equal 


*  Cf.  Goursat,  1891,  1,  p.  52. 
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tor  - f-  1.  •  • •  ,  n,  and  for  the  others  expressions  of  the  form  (9. 15). 
where  >(>«  is  a  function  of  .x a,  .xr+1.  .  x?K* 

When  the  connection  is  asymmetric,  the  quantities  (9.14) 
satisfy  (9.4)  if 


(9.16) 


where  a  is  not  summed.  Hence  we  have: 

A  space  with  asymmetric  connection  admitting  r  fields  of 
parallel  contravariant  vectors  is  defined  by  (9.16)  where  ipa 
are  any  functions  of  the  x’s  and  the  other  L’s  are  arbitrary. 

In  particular,  if  r  =  n,  it  follows  from  the  above  results 
that  the  tensor  L)ki  is  zero.  This  is  readily  verified  for  the 
expressions  (9.16). 

If  in  equations  (2.1)  we  replace  L’fp  by  expressions  of  the 
form  (9.16)  for  «,  fi,  y  =  1,  ••  •,  n,  we  have 


3  x)  9  :ik  9  loff  I Iffy  9  X 1 


O  ^  o  f 

OX  ox 


where  a  is  not  summed  in  the  last  term.  Since  by  hypothesis 
Ljkl  are  zero,  and  L'fpy  are  zero  when  ipa  are  arbitrary  functions 
of  the  x’s,  it  follows  from  §  2  that  the  above  equations  are 
completely  integrable.  Hence  we  have: 

When  the  curvature  tensor  of  a  space  with  asymmetric 
connection  is  zero,  a  coordinate  system  exists  for  which  the 
coefficients  have  the  form  (9.16),  the  n  functions  being 
arbitrary. 

If  the  xp’s  are  constants,  the  coefficients  must  be  zero, 
which  is  possible  only  in  case  of  a  symmetric  connection, 
as  is  evident  from  (2.1)  if  we  take  L)k  =  0.  In  this  case 
we  have  as  a  corollary  of  the  above  theorem: 

When  the  curvature  tensor  of  a  space  urith  a  symmetric 
connection  is  zero,  a  coordinate  system  exists  for  which  all  of 
the  coefficients  of  the  connection  are  zero. 

io.  Parallel  displacement  of  a  contravariant  vector 
around  an  infinitesimal  circuit.  In  order  to  consider 

*  Eiaenhart ,  1922,  1,  p.  210. 
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the  parallel  displacement  of  a  vector  around  an  infinitesimal 
circuit,  we  consider  a  surface,  that  is  a  manifold  of  two 
dimensions,  defined  by  equations  xi  =  /*'(«,  r),  where  the 
functions  f  and  their  derivatives  to  the  third  order  exist  and 
are  continuous  at  a  point  P  of  the  surface.  We  consider 
the  circuit  comprising  the  points  P(u,v),  Q(u  4  da,  v). 
R{u  4  dv,  v  4 -  dv),  S  (u,  v  4  dv)  and  P.  We  take  a  vector  A1 
at  P  and  find  from  (7.1)  the  components  of  the  vector  at  Q 
parallel  to  it.  then  in  the  same  way  the  vector  at  R  parallel 
to  this  vector  at  Q  and  so  on.  The  components  of  the 
resulting  vectors  are  given  by 


(10.1) 


i 

a<)P=  y 


d2  ?S 


dv 2 
d2  P 

d  it2 

d2P 
dr 2 


„  ,  du2  -f- 
Ip 

dv2  -f 


dir  ip 
d2P\ 
lQ 


du2  4- 


dv* 


I  dXi\  I  d2  P\ 

where  the  quantities  such  as  I-  — 1  ,  (  yj  ,  and  so  forth 

are  obtained  from  equations  of  the  form  (7.1).  When  all 
of  the  above  equations  are  added,  we  obtain 


At  P  we  have 


(10.3) 


dcd1  3a^ll 
du  3 u  J j p 
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da* 


When  the  functions  L)k  and  ^  at  Q  are  replaced  by  their 
expansions  about  P  and  use  is  made  of  *(7.1 ),  we  have 


dV\ 


dv) 


=  -( L)kP 


da?  \ 
dv  I j 


p  xi 

dv* 


In  like  manner  we  obtain 

<U»\ 
du  )r 


ldX*\  ldV\ 

\ du) p  \du ) 


dX *_\ 
dv ) i 


("\  _ 

\  dv  Iq 

We  remark  also  that  the  expressions  for  and  ( ) s 


differ  from  those  for 


/*?)  and 

(*?) 

[du'Jp 

\  dv 1  / 

respectively,  as 


given  by  (10.3)  and  (10.4),  only  in  terms  of  the  first  and 
higher  orders  of  the  differentials.  When  these  expressions 
are  substituted  in  (10.2)  we  have 

(10.5)  A  (A*>  =  -  UJ  Ljia  4^-)  du  dv +  *  •  • . 

\  ou  ov  1  p 


From  the  considerations  of  §  9  it  follows  that  A  (^)p  =  0 
when  Ljki  =  0.  The  same  is  true  when  A*  belongs  to  a  field 
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of  parallel  vectors.  But  in  the  general  case  when  a  vector 
undergoes  parallel  displacement  around  an  infinitesimal  circuit 
the  difference  between  its  final  and  original  position  is  of 
the  second  order  and  depends  upon  the  value  of  the  com¬ 
ponents  Ljid  at  the  starting  point.* 

Let  l\a)  be  the  components  of  n  independent  contravariant 
vectors  at  P,  where  a,  for  a  =  1,  .  • .,  n,  indicates  the  vector 
and  i,  for  i  =  1  the  component.  If  these  vectors 

are  displaced  about  an  infinitesimal  circuit  and  we  denote 
by  A  the  determinant  |A*a)|,  then  from  (10.5)  we  have 


(10.6)  A{X)P=  -IlLbci  —  dudv+.... 

\  du  dv  I p 

Hence  for  this  variation  to  be  of  the  third  or  higher  order 
it  is  necessary  that  [cf.  (2.6)] 

r  i  9  Lii  0  Lik  n  4. 

- 3^  ~  °'t 


r  i  9  lOgSP 

Uj  ~  dx-i  ' 


From  these  equations  it  follows  that 
(10.7) 

In  another  coordinate  system  xn  we  have 

3  logy' 


T’  — 


dx 


>8 


and  we  desire  to  find  the  relation  between  y  and  y'. 
(2.1)  we  have 


T'r  _ 

J^rs  — 


0  i  .  ,  ri  0  XJ 

— J  logi-f  Lij— 
ox  ox 


From 


where  A  is  the  jacobian 


dx* 

dx'r 


Consequently  we  have,  to 


within  a  negligible  constant  factor, 


*  Cf.  Schouten,  1924,  1,  p.  84. 
f  Cf.  Schouten,  1924,  1,  p.  89. 
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(10.8) 


(f/  =9-4, 


that  is,  9-  is  a  scalar  density. 

If  A(«)  denote  the  components  of  the  vectors  in  the  co¬ 
ordinates  x'1  and  X'  denotes  the  determinant  we  have 

(10.9)  X'  =j, 


that  is,  A  is  a  relative  invariant  of  weight  —  1 .  Accordingly 
Xy  is  an  invariant  (or  scalar). 

If  now  we  take  n  linearly  independent  contravariant  vectors 
parallel  with  respect  to  a  curve  C  and  let  y  be  any  scalar 
density,  we  have 


d 

dt 


X  y 


dxk 
d  t 


Consequently  if  the  invariant  X  y  so  formed  with  respect  to 
every  curve  in  space  is  to  be  constant  along  the  curve,  it  is 
necessary  and  sufficient  that  (10.7)  hold,  the  function  y  being 
thus  determined. 

In  particular,  if  the  connection  is  symmetric,  we  have  in 
place  of  (10.7) 


(10.10) 


3  log  y 
3  x-i 


Then  from  (5.8)  and  (5.11)  we  have  that 

(10.11)  =  0,  Bij  =  Bji. 

Conversely,  when  conditions  (10.11)  are  satisfied,  we  have 
(10.10),  as  follows  from  (5.8)  and  (5.11).  Hence  we  have:* 
If  for  a  symmetric  connection  the  contracted  tensor  By  is 
symmetric,  the  magnitude  of  the  determinant  X  of  n  linearly 
independent  contravariant  vectors  X\a)  is  unaltered  to  within 
terms  of  the  third  and  higher  order,  when  the  vectors  undergo 
parallel  displacements  about  an  infinitesimal  circuit,  and 
conversely. 


*  Cf.  Schouten,  1924,  1,  p.  90. 
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ii.  Pseudo-drthogonal  contravariant  and  covariant 
vectors.  Parallelism  of  covariant  vectors.  If  m  are  the 

components  of  any  covariant  vector,  there  are  evidently  n  —  1 


linearly  independent  contravariant  vectors  such  that 


in  Ka)  =0.  («=!,•••,« — 1). 


(11.1) 


We  say  that  each  of  the  vectors  X\a)  is  pseudo-orthogonal  to 


Hi,  in  Riemannian  geometry  (11.1)  is  the  definition  of  ortho¬ 
gonality,  when  Hi  are  the  covariant  components  of  a  contra¬ 
variant  vector  /**.*  Evidently  any  vector  pseudo-drthogonal 
to  Hi  is  expressible  in  the  form 


(11.2) 


=  aah\c o  («  —  !,•••.  n  —  1). 


where  the  a’s  are  invariants;  here,  and  in  similar  cases  later, 
«  is  supposed  to  be  summed  for  its  values  1,  •••,  n — 1. 
Consider  any  curve  C  of  the  space  and  n  —  1  linearly 


independent  families  of  contravariant  vectors  X\a)  parallel  with 
respect  to  C.  From  (7.3)  it  follows  that  we  have 


Kct).f a(l)  («  =  1.  ....  n—  1), 


a  being  not  summed  in  the  right-hand  member.  The  equations 


^■(cr)  Hi  -  0 


(11.4) 


define,  to  within  a  common  factor,  the  components  Hi  of  a 
family  of  covariant  vectors  pseudo-drthogonal  to  the  given 
We  say  that  these  vectors  Hi  are  parallel  with  respect 
to  C.  Differentiating  (11.4)  with  respect  to  t  and  making 
use  of  (11.3),  we  obtain 


*  1926,  1,  p.  38. 
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Comparing  these  equations  with  (11.4),  we  find 

(11-5)  lit 

as  a  necessary  condition  of  parallelism. 

In  order  to  show  that  it  is  a  sufficient  condition,  we  con¬ 
sider  n —  1  linearly  independent  covariant  vectors  /4C)*  satis¬ 
fying  equations  of  the  form  (11.5),  that  is, 

e\  dfH  )  Tj  (a)  dctf  (a)  a,.s 

(11-6)  ~dt — Lan  hT  =  ,“'f  (()- 

where  a  is  not  summed  in  the  right-hand  member.  Then 
the  equations 

Avr  =  o 

determine  quantities  X’,  to  within  a  common  factor,  which 
are  the  components  of  a  contravariant  vector  pseudo- Ortho¬ 
gonal  to  each  of  the  n — 1  vectors  Differentiating  these 
equations,  we  find  that  Xi  satisfies  equations  of  the  form 
(11.3)  and  consequently  defines  a  family  of  contravariant 
vectors  parallel  with  respect  to  C.  Suppose  now  that  we 
have  any  family  of  vectors  m  satisfying  (11.5)  and  we 
associate  with  it  n —  1  vectors  satisfying  (11.6)  all  n  being 
linearly  independent.  The  vector  m  and  each  set  of  n — 2 
of  the  set  determine  a  contravariant  vector  pseudo-Ortho- 

gonal  to  In  this  way  we  obtain  n — 1  linearly  inde¬ 

pendent  families  of  parallel  contravariant  vectors  pseudo- 
Orthogonal  to  the  vectors  /*,.  Hence. we  have: 

Any  family  of  covariant  vectors  whose  components  satisfy 
equations  of  the  form  (11.5)  are  parallel  with  respect  to  the 
given  curve,  that  is,  they  are  pseudo-orthogonal  to  n  —  1  linearly 
independent  families  of  contravariant  vectors  parallel  with 
respect  to  the  curve. 

*  Here  «,  where  a  —  !,  •••,  n  —  1,  indicates  the  vector  and  i  the 
component 
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Incidentally  we  have: 

Any  n  —  1  linearly  independent  families  of  covariant  vectors 
parallel  with  respect  to  a  curve  are  pseudo-orthogonal  to  a  family 
of  contravariant  vectors  parallel  with  respect  to  the  curve. 

By  processes  analogous  to  those  used  in  §  9  we  have  that 
when  the  equations 

(11.7)  f^-I&W  =  0 

admit  a  solution,  the  vector-field  pi  is  parallel.  However, 
we  cannot  say  that  the  existence  of  such  a  field  is  equivalent 
to  the  existence  of  n  —  1  linearly  independent  fields  of  parallel 
contravariant  vectors.  For  on  differentiating  (1 1 .4)  covariantly 
and  making  use  of  (11.7)  we  have 

f*i  ^(a)|fc  =  0, 

which  are  equivalent  to 

5  i  8  .  i 

M a)\k  —  dak  Hp) , 

vhere  for  each  value  of  a  and  /8  the  a's  are  components  of 

covariant  vector. 

From  (11.7)  and  (4.3)  we  have: 

1  necessary  and  sufficient  condition  for  the  existence  of  n 
'  ’■ arly  independent  fields  of  parallel  covariant  vectors  is  that 
-  curvature  tensor  be  zero. 

When  the  connection  is  symmetric,  it  follows  from  (11.7) 
hat  pi  is  the  gradient  of  a  function  y.  Since  in  this  case 
the  covariant  vector  pi  at  any  point  in  space  is  pseudo- 
(jrthogonal  to  every  displacement  in  the  hypersurface  <p  =  const, 
containing  the  point,  we  call  it  the  covariant  pseudonormal 
to  the  hypersurface.  Hence  we  have: 

When  a  space  with  symmetric  connection  admits  a  parallel 
field  of  covariant  vectors,  they  are  the  covariant  pseudonormals 
to  a  family  of  hyper  surf  aces. 

12.  Changes  of  connection  which  preserve  parallel¬ 
ism.  Let  Ljk  and  L)k  be  the  coefficients  of  two  different 
connections.  We  inquire  whether  it  is  possible  that  parallel 
directions  along  every  curve  in  the  space  are  the  same  for 
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the  two  connections.  To  this  end  we  make  use  of  the 
equations  of  parallelism  in  the  form  (7.5).  Subtracting  these 
equations  from  the  corresponding  ones  in  the  L' s,  we  have 

(dr  ajk  —  K  ajk)  Xr  ).J  =  0. 

where 

djk  ==  Ljk  Ljk  ■ 

From  (2.1)  it  is  seen  that  a)k  are  the  components  of  a  tensor. 
Since  these  equations  must  hold  for  any  curve  and  for  vectors 
parallel  to  any  vector  with  respect  to  this  curve,  we  must 
have 

i  i  vh  i  it  h  it  h  p. 

Or  ttjk  +  Oj  ark  Or  djk  Oj.ark  =  0. 

Contracting  for  h  and  r,  we  have 

ajk  =  2  dj 

where  ipk  is  the  vector  defined  by 

2ntpk  =  ahhk. 

Conversely,  if  we  take 

(12.1)  Z}k  =  Vjk  +  2d}ifJky 

where  tpk  is  an  arbitrary  vector,  the  above  conditions  are 
satisfied.  Hence  we  have: 

Equations  (12.1)  in  which  ipi  is  an  arbitrary  covariant 
vector  defines  the  most  general  change  of  connection  which 
preserves  parallelism* 

From  the  form  of  equations  (12.1)  it  is  seen  that  both 
sets  of  coefficients  cannot  be  symmetric  in  the  subscripts. 
In  §  14  we  discuss  the  case  where  one  set  does  possess  this 
property.  Hence  we  have: 

It  is  not  possible  to  have  two  symmetric  connections  with 
respect  to  which  parallel  directions  along  every  curve  in  the 
space  are  the  same  far  both  connections. 

When  the  condition  for  parallelism  is  written  in  the  form 
(7.3),  that  is, 

*  Cf.  Frie8ecke,  1925,  1,  p.  106;  also  J.  M.  Thomas ,  1926.  3,  p.  662. 
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(lkl 
d  t 


+  Ljk  * 


dxk 


d  t 


=  vm. 


the  function  fit)  for  the  connection  (12.1)  is  given  by 


(12.2) 


/  = 


/+  2  >h- 


dof 
cl  t 


If  we  have  a  field  of  parallel  vectors  A*  defined  by 


=  ®* 


then  for  the  connection  defined  by  (12.1)  we  have 

ffffi  +  ^  ~2  A*  ipkf 

which  is  discussed  in  §  9. 

If  rJk  and  --jfc  denote  the  symmetric  and  skew-symmetric 
parts  of  Zjfc,  as  in  (3.3)  and  (5.1),  we  have 


(12.3)  1%  =  rjk+dljflc  +  dirpj, 

and 

(12.4)  <4  =  14+ 

From  the  definition  (§  7)  of  the  paths  of  a  connected 
manifold  it  follows  that  the  paths  are  the  same  for  all 
connections  related  as  in  (12.1).  This  can  be  shown  directly 
by  means  of  (12.3).  Conversely,  if  we  apply  to  equations 
(7.6)  the  same  reasoning  as  was  applied  to  (7.5),  we  can 
show  that  expressions  of  the  form  (12.3)  give  the  most 
general  relation  connecting  the  F’s  so  that  the  equations 
(7.6)  are  unaltered.  Hence  we  have: 

Equations  (12.3)  and  an  arbitrary  choke  of  ii)k  define  the 
most  general  change  in  connection  which  preserves  the  paths. 

If  Ljki  denote  the  components  of  the  curvature  tensor  for 
the  L' s  defined  by  (12.1),  from  (2.6)  we  have 


Lfu  +  Zdf 


Idipl 

3  kk 

\  3  ofi 

3  xl 

(12.5) 
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In  like  manner  we  have  from  (5.4)  and  (12.3) 

(12.6)  Bjki  =  Bjki  +  &)  (ip ik  —  ipki)  4~  $  ipjk  —  dfc  xpji , 

where 

(12.7)  ipjk  =  'pj'k  —  'pj'pk, 

ipj'tc  being  the  covariant  derivative  of  t pj  with  respect  to  the 
7”s.  From  equations  analogous  to  (5.3)  and  from  (12.5)  and 
(12.6)  we  have 

(12.8)  —  Bjki  +  dj  ( ipik  —  ipki)  +  dk  *pji  —  ipjk  • 


From  (12.5)  by  contraction  we  have 


(12.9) 
and 

(12.10) 


Ljk  =  Ljid  —  Ljk  4~  2  | 

sijk  —  Byk  =:  Bjk  4"  2  n 


dxPj 

dipk\ 

dxk 

dxj) 

tdxpk 

dxpf 

\  dx-* 

dxP) 

From  this  result  and  the  theorem  of  §  5  we  have: 

The  vector  xpi  can  be  chosen  so  that  for  the  new  linear 
connection  L\jk  =  0 . 

From  (12.5)  we  have: 

When,  and  only  when,  xpk  is  a  gradient,  Ljki  =  Lju . 
Contracting  (12.6)  for  i  and  l  and  i  and  j,  we  have  respec¬ 
tively 

(12.1 1)  Bjk  =  Bjk  -f  n  ipjk  —  ipkj 

and 


(12.12) 


filk  =  filk  4~ 


n  4~  1 


(*Plk - *Pkl), 


in  consequence  of  (5.11).  If  in  accordance  with  (5.10)  we  put 

d/if 


(12.13) 


a  1  /9A 

^lk  2  Ua* 


dx1 


we  have  from  (12.12)  that 

(12.14)  A  =  A4-(n4-l)^i  +  oi. 


where  oj  is  the  gradient  of  an  arbitrary  function  a. 
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Again  contracting  (12.8)  and  using  the  notation  of  §  5, 
we  have 

(12.15)  TiJk  =  <>Jk  +  (2— n)  ipjk—  xpkj 
and 

(12.16)  ®ki  =  Q>ki  +  (n  —  1)  (ipik  —  ipki) . 

From  (12.4)  and  (5.12)  we  have 

(12.17)  S2k=S2k  +  (n  —  l)  rpk 

so  that  (12.16)  is  consistent  with  (5.14). 

As  an  example  of  the  second  theorem  of  this  section  we 
consider  the  asymmetric  connection  which  can  be  assigned 
to  a  Riemannian  space  so  that  the  geodesics  be  the  paths, 
that  there  be  n  independent  vector-fields  of  parallel  unit  vectors 
and  that  the  angle  between  two  directions  at  a  point  and 
the  parallel  directions  at  any  other  point  be  equal.*  In  order 
that  the  first  two  conditions  be  satisfied  we  must  have 
respectively 

(12.18)  Ljk  =  |  +  <*j  *pk  +  dk  tyj  +  S-jk , 

where  the  Christoffel  symbols  are  given  by  (1.6),  and  Ljki  =  0 
(§  9),  which  in  consequence  of  (5.3)  and  (6.2)  are 

(12.19)  ifa  +  Sfau—  S2jk,i+ S^Slik  — S2}kSija  =  0, 

where  covariant  differentiation  is  with  respect  to  the  g' s 
and  Rjki  are  the  components  of  the  Riemannian  curvature 
tensor.  The  third  condition  is  gij\k  =  0,  which  are  reducible 
by  means  of  (12.18)  to 

(1 2.20)  2  gg  ipk  +  g%k  tyj  +  gjk  V't  +  *-jik  +  &ijk  =  0 , 

where 

S-jik  =  gjh  oftk  • 

Multiplying  (12.20)  by  g^  and  summing  for  i  and  j,  and  by 
gik  and  summing  for  i  and  k,  we  find  that 

*  Cf.  Cartan  and  Schouten,  1926,  12. 
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(12.21)  Ipj  =  0,  4  =  0, 

and  hence  from  (12.20) 

(12.22)  =  0. 

When  we  take  the  sum  of  the  three  equations  obtained  from 
(12.19)  by  permuting  the  subcripts  cyclically  and  make  use 
of  known  identities  in  the  R' s,  we  have 

(12.23)  «}i,k  -  4,  i  -  <4dj  +  4  -4  -  Ujk  4/ 

—4  o{j  =  o, 

so  that  (12.19)  may  be  written  in  the  form 

(12.24)  Rijki  +  iim,j  +  4  <lihj  =  0 . 

From  these  equations  because  of  (12.22)  and  well-known 
identities  in  Rijki*  we  obtain 

Rijki  =  y  (2  iihij  4  +  -hik  4  -  "/.«  -4) 
and  hence  from  (12.24) 

(12.25)  -Qiwj  =  3  (i40-  4  -  4  +  -<4ii  4)  • 

From  (12.24)  we  have 

=  4  4. 

With  the  aid  of  (12.22)  and  (12.25)  we  obtain 
02.26)  RJkil  =  0. 

A  solution  of  these  equations  is  furnished  by  the  Einstein 
spaces,  that  is,  spaces  for  which  Ry  —  cgij,  where  c  is  a 
constant.  When  this  condition  is  not  satisfied,  it  follows 
from  (12.26)  that  the  spaces  are  a  sub-class  of  those  considered 
by  the  authorf  (cf.  §  29).  For  further  considerations  of  the 
preceding  case  see  the  paper  by  Cartan  and  Schouten. 

*  1926,  l,  p.  21. 
fCf.  1923,  3. 
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13.  Tensors  independent  of  the  choice  of  ip-L.  From 

(12.5),  (12.9),  (12.10).  (12.4)  and  (12.17)  it  is  seen  that  the 
following  tensors  are  independent  of  the  choice  of  the  vector 
V't  in  (12.1): 

(13.1)  si'jki  =  Lju dj  Liu, 

(13.2)  lJM - -d’sfki, 

1 X 

(13.3)  Lji-  -f-  Lkj , 

(13.4)  1%=  <>lJk  +  (6l  <ij  -  dj  <4) . 

From  (12.15)  and  (12.16)  we  have 

ft*  =  -  [  !!»  ~  Sl»  +  ~  < -  ®A)  ]■ 

*pjk —  <l'kj  =  (®A-j  —  ®  Ay)  • 

When  these  expressions  are  substituted  in  (12.8),  we  find 
that  the  tensor  of  components 

TjM  —  !im  +  — (4  %  -  4  stjt  -  ij  ffl«) 

(13.5) 

+  yw_i)8  %  —  $ 

is  independent  of  the  choice  of  <4.*  From  (13.5)  we  have 
by  contraction 

3  — w  1 

(13.6)  Tjki  =  0,  Tm  =  .  -  ”  <DW  +  —2—  (fl«  -  .Qft). 

(n  —  1)  n  —  1 

Other  tensors  independent  of  the  choice  of  xpi  are  obtained 
in  §  32.  We  close  this  section  by  establishing  the  following 
theorem: 

A  necessary  and  sufficient  condition  that  a  vector  fii  can  be 
chosen  so  that  tensor  Ljui  be  zero  is  that  the  tensor  A)ki  be  zero. 

*  These  results  for  (13.2),  (13.4)  and  (13.5)  are  due  to  J.  M.  Thomas, 
1926,  3,  pp.  667,  668. 
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Evidently  it  is  a  necessary  condition.  Conversely,  if  the 
condition  is  satisfied,  we  have 

(13.7)  l}ki  +  tjLki  =  0. 

Contracting  for  i  and  j,  we  have,  using  the  notation  of  (12.10), 


Aki  -f  n  Lux  =  0. 


From  (5.3),  (5.11),  (5.14)  and  (12.13)  Ave  have 

(13.8)  Aui  =  {fit  +  Sit) - (fik  +  Sik) . 

Hence  equations  (13.7)  become 

&  +  i ' *>  [-5F +  ”v)  -  (A  +  =  °- 

Comparing  these  equations  with  (12.5)  we  see  that  L)ui  =  0, 
if  we  take 

where  a  is  any  function  of  the  x’s. 

14.  Semi-symmetric  connections.  In  §  12  it  was 
shown  that  parallelism  with  respect  to  every  curve  in  space 
cannot  be  the  same  for  two  symmetric  connections.  How¬ 
ever,  if  for  an  asymmetric  connection  we  have 

(14.1)  Sl)k  =  d]  clu  —  di  aj,  . 

where  aj  are  the  components  of  a  vector,  and  we  take 
i pi  ==  —  (it,  then  Siju  =  0,  as  follows  from  (12.4).  Con¬ 
versely,  in  order  that  it  be  possible  to  choose  1/'*  so  that 
Siju  ~  0,  it  is  necessary  that  Si)k  be  of  the  form  (14.1). 
Following  Schouten*  we  say  that  the  connection  is  semi- 
symmetric  in  this  case.  Hence  we  have: 

*  1924,  1,  p.  69. 
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A  necessary  and  sufficient  condition  that  parallelism  be  the 
same  with  respect  to  every  curve  for  two  connections  one  of 
which  is  symmetric  is  that  the  other  be  semi-symmetric. 

From  (12.4)  it  follows  that,  when  a  connection  is  semi- 
symmetric,  the  other  connections  with  the  same  parallelism 
are  semi-symmetric  with  the  exception  of  a  unique  symmetric 
connection. 

We  establish  the  following  theorem  due  to  J.  M.  Thomas:* 
A  necessary  and  sufficient  condition  that  an  asymmetric 
connection  be  semi-symmetric  is  that  there  exist  a  coordinate 
system  for  each  point  of  space  in  terms  of  which  any  vector 
at  the  point  and  that  arising  from  it  by  a  parallel  displace¬ 
ment  to  any  nearby  point  are  proportional. 

If  such  a  coordinate  system  y  exist  and  ll  are  the  com¬ 
ponents  of  a  vector  at  a  point  P,  then  at  a  nearby  point 
the  components  are  f  —  L)k  dyk.  The  conditions  of  the 
theorem  are  given  by 

(L)k  4  -  L%  d\)~lJl!  dyk  =  0. 

Proceeding  with  these  equations  in  a  manner  analogous  to 
that  at  the  beginning  of  §  12,  we  obtain 

(14.2)  L%  = 

n 

From  these  equations  we  have 

2  &jk  =  —  (<*j  Zhc-tiLh). 

n 

Contracting  for  i  and  j,  we  have 

(14.3)  2J4  =  ^— -Lhh 

n 

and  the  preceding  equations  can  be  written  as 

(14.4)  h)k  =  — L  (dlj  hk  —  4  of . 

Tt  X 

Hence  the  connection  must  be  semi-symmetric. 

*  1926,  3,  p.  670. 
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Conversely,  if  a  connection  is  semi-symmetric  and  x'  are 
a  general  system  of  coordinates  and  P  is  the  point  of  co¬ 
ordinates  x1,  when  we  effect  the  transformation 

(14.5)  xi  =  x\  +  y*  —  y  (r]k)0  yJ  yk  4-  (--;)0  VJ  ?/• 

we  have  at  P 


(14.6) 


/  tfx1  \ 
\9  yjdykJ0 


—  (rA)0+  ~ry  K/  ^  Wo! 


and  from  the  first  of  these  it  follows  that 


(14.7) 


(«/)„  -  («;)„ 


Making  use  of  equations  of  the  form  (2.1),  we  have, 

=  (4-).+  ~rT['S;  ("*)»+ 

Since  equations  (14.4)  hold  for  any  coordinate  system,  we 
have  in  consequence  of  (14.7), 

(Ljk)0  =  6}  (S2k)0, 


from  which  (14.3)  follows  by  contraction.  Hence  in  the 
coordinate  system  defined  by  (14.5),  the  conditions  (14.2) 
are  satisfied. 

15.  Transversals  of  parallelism  of  a  given  vector- 
field  and  associate  vector-fields.  If  for  a  given  vector- 
field  A*  the  determinant  |  A*;  |  is  not  zero,  a  necessary  and 
sufficient  condition  that  the  determinant  A*j  |  for  A1  =  yA1 
be  zero,  that  is,  that  the  determinant 


(15.1) 


dxJ 


be  zero,  is  that  y  be  a  solution  of  the  equation* 
*  Cf.  Kotcalewski,  1909,  2,  p.  84;  Fine,  1905.  1,  p.  505. 
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<P 

3  y 

3  < f 

dxl 

3  xn 

(15.2) 

?\n 

r 

/."li 

An|u 

Moreover,  the  rank  of  (15.1)  is  n —  1  for  each  solution. 
Hence  in  considering  any  vector-field  we  assume  that  the 
components  are  changed  by  a  factor  y  if  necessary,  so  that 
|Al|;|  is  at  most  of  rank  n  —  1.  We  say  that  then  the  field 
is  normal  and  that  y  is  the  normalizing  factor.  This  is  a 
generalization  of  a  unit,  or  a  null,  vector-field  in  a  Riemannian 
space.  For,  in  this  case  we  have  h  Xlj  —  0,  and  con¬ 
sequently  \h\j\  =  0. 

If  the  rank  of  |Al|j|  is  n  —  r,  there  are  r  independent 
vector-fields  g\c<)  (a  =  1,  •••,  r)  which  satisfy 

(15.3)  tU\j  =  0 
and  the  general  solution  of  (15.3)  is 

(15.4)  fi’  =  V'Vwo  («  =  1,  •••,  r), 

where  the  ip's  are  arbitrary  functions  of  the  a:’s. 

When  gi  satisfy  (15.3),  the  vectors  A*  are  parallel  with 
respect  to  each  curve  of  the  congruence  defined  by 

dxl  _  dxn 

f.11  fin 

as  follows  from  (9.1).  Moreover,  it  follows  that  the  vectors  fcy 
are  parallel,  whatever  be  y.  Accordingly  we  say  that  each 
solution  gi  of  (15.3)  defines  a  congruence  of  transversals  of 
parallelism  of  the  field  A*.* 

When  | >1*  j  |  is  of  rank  n  —  r,  we  say  that  the  field  f  is 
general  or  special,  according  as  the  rank  of  the  matrix  of  the 

*  Transversals  of  parallelism  for  a  surface  in  ordinary  space  were  con¬ 
sidered  by  Bianchi ,  1923,  6,  p.  806. 
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last  n  rows  of  (15.2)  is  n—  r-f- 1  or  n  —  r.  When  the  field 
is  special,  and  also  when  it  is  general  and  r  >  1,  equation 
(15.2)  is  satisfied  by  every  function  y.  When  r  —  1  and 
the  field  is  general,  equation  (15.2)  reduces  to 

(15.B)  ^  -fa  ~  O' 

Suppose  that  the  field  is  general  and  that  y  is  a  solution 
of  (15.5)  when  r  —  1,  or  any  function  whatever  when  r>l. 
The  equations 

(15.6)  pJ 


4^)  =  ° 

dxJ  ) 


are  satisfied  by  all  vectors  n *  defined  by  (15.4)  for  which 
the  functions  rpa  satisfy  the  equation 

=  °- 


If  there  were  a  , solution  of  (15.6)  not  expressible  in  the 
form  (15.4),  then  from  (15.6)  we  have  equations  of  the  form 
A*  =  aJ  A*;,  in  which  case  the  rank  of  the  matrix  of  the  last 
n  rows  of  (15.2)  is  n — r.  Hence  when  the  field  is  general, 
all  the  solutions  of  (15.6)  are  expressible  in  the  form  (15.4), 
that  is,  on  replacing  A*  by  A *50  no  new  congruences  of  trans¬ 
versals  of  parallelism  are  obtained. 

When  the  field  is  special,  the  determinant  (15.1)  is  of 
rank  n — r  at  most  and  there  are  at  least  r  independent 
solutions  of  (15.6).  Consequently  if  y  is  such  that  not  all 
of  the  equations 


3  y 


<“>  dx-i 


=  0 


(a  =  1,  •  •  -,  r) 


are  satisfied,  there  is  another  solution,  say  of  equations 

(15.6).  Evidently  it.  is  such  that  rfa+u  i  0-  If  /**  is 
any  other  solution  of  (15.6)  not  of  the  form  (15.4),  on 
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eliminating  a*  from  (15.6)  and  from  the  similar  equations 
when  pJ  is  replaced  by  ^a+1),  we  have 


3  log  y 
da* 


d  log  y  \ 
da*  I 


and  consequently  f  is  expressible  linearly  in  terms  of 
(0  =  1,  •  •*•,  r-f  1).  Hence  for  the  given  function  (p  all 
solutions  of  (15.6)  are  expressible  linearly  in  terms  of  these 
r-f  1  vectors.  For  another  function,  say  g>lf  there  is  at  most 
one  field  other  than  p*a)  (a  =  1,  .  • r).  But  in  this 

case  we  have  the  equations  obtained  from  (15.7)  on  replacing  y 
in  the  first  term  of  the  left-hand  member  by  <px  and  pj  through¬ 
out  by  p{a+2 ).  Consequently  the  change  of  the  function  y 

does  not  yield  new  congruences  of  transversals  of  parallelism. 

Gathering  these  results  together,  we  have: 

When  a  vector-field  A*  is  normal  and  the  rank  of  \  A*;  |  is 
n — r,  there  are  r  independent  congruences  of  transversals  of 
parallelism,  unless  the  rank  of  the  matrix  of  the  last  n  rows 
of  (15.2)  is  n  —  r ;  in  the  latter  case  there  are  r-f  1  independent 
congruences  of  transversals',  moreover,  in  either  case  any  linear 
combination  of  the  vectors  defining  congruences  of  transversals 
also  defines  such  a  congruence. 

When  A*|;  =  A1  c r,-,  where  <T;  is  any  vector,  the  vectors  A* 
are  parallel  with  respect  to  any  curve  in  the  space  (cf.  §§  9, 10). 

We  consider  the  converse  problem:  Given  a  vector-field 
to  determine  the  vector-fields  A*  for  which  the  former  is 
a  congruence  of  transversals  of  parallelism.  We  assume  that 
the  coordinate  system  xi  is  that  for  which  pa=  0  (<r  =  2,  •••,  w).* 
In  this  coordinate  system  the  equations  (15.3)  for  the  deter¬ 
mination  of  the  A’s  are 


(15.8) 


3  A* 
dxl 


+  AA  Lji  =  0 


Any  set  of  functions  A*  satisfying  these  equations  are  the 
components  in  the  x’s  of  a  vector-field  with  respect  to  which 
the  congruence  p'  is  the  congruence  of  transversals.  A  set 

*  1926,  l,  p.  5. 
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of  solutions  is  determined  by  arbitrary  values  of  A*  for  xl  =  0. 
that  is;  by  n  arbitrary  functions  of  ar,  •  •  •,  x'1.  In  particular, 
the  n  sets  of  solutions  A*«),  where  a,  for  a  —  1,  •••,  n, 
determines  the  set  and  i  the  component,  determined  by  the 
initial  values  (A*a))()  —  are  independent,  since  the  deter¬ 
minant  |Af0)  |  is  not  identical^  zero.  Moreover,  from  the 
form  of  (15.8)  it  follows  that  f  =  g(l  X\a)  is  also  a  solution, 
where  the  g's  are  any  functions  of  x2.---,xn.  Hence  we 
have: 

For  any  congruence  y'  there  exist  n  independent  vector- 
fields  X\«)  with  respect  to  which  the  given  congruence  is  the 
congruence,  of  transversals  of  parallelism ;  moreover ,  the  field 

A'  =  (f  a  l\n)  (a  =  1,  •••,«) 

possesses  the  same  property,  when  the  g's  are  any  solutions  of 
the  equation 

„>  =  o, 

1  dxl 

the  coordinates  xl  being  any  whatever. 

When  I  X\j  |  is  of  rank  n  —  r,  the  equations 

(15.9)  ^  l\j  =  0 

are  satisfied  by  r  independent  covariant  vector -fields 
(«  =  l.  ....  r)  and  the  general  solution  is 

(15.10)  Vi  =  xp((  vf\ 

where  the  ip's  are  arbitrary  functions  of  the  rr’s.  We  say 
that  each  such  field  is  associate  to  the  given  field  A\*  If  the 
given  field  is  general,  there  are  r  —  1  fields  of  independent 
vectors  given  by  (15.10)  for  which  r,-  A*  —  0,  and  these  fields 
are  associate  to  the  field  A*  g  for  every  g  satisfying  (15.2). 
If,  however,  the  field  is  special  each  of  the  fields  (15.10)  is 
associate  to  A*  g,  whatever  be  g. 

*  By  normalizing  the  field  we  have  that  the  rank  is  at  most  n  —  1  and 
consequently  there  is  at  least  one  associate  covariant  field. 
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In  like  manner  the  components  m  of  a  covariant  field  can 
be  chosen  so  that  the  rank  of  |/oi;|  is  n  —  r  (r  >  1).  Any 
solution  id  of 


m\j  =  0 


gives  the  components  of  a  field  of  contravariant  vectors 
associate  to  the  given  field.* 

1 6.  Associate  directions.  Consider  a  field  of  non-parallel 
contravariant  vectors  of  components  X*  and  a  curve  C  at 
points  of  which  the  coordinates  xl  are  expressed  in  terms  of 
a  parameter  t.  A  family  of  contravariant  vectors  of  com¬ 
ponents  /<*  is  defined  at  points  of  C  by  the  equations 


(16.1) 


If  f  the  vectors  are  parallel  with  respect  to  C. 

When  this  condition  is  not  satisfied,  we  say  that  /<'  are 
the  components  of  the  associate  direction  of  id  with  respect 
to  C. 

If  id  are  replaced  in  (16.1)  by  id  y,  where  y  is  any  function 
of  the  re’s,  and^u*  are  the  components  of  the  associate  directions 
of  the  latter  vectors,  we  have 


(16.2) 


In  this  way  we  get  a  pencil  of  associate  directions,  determined 
by  the  given  vector  and  any  one  of  the  associate  directions. 
Conversely  it  is  possible  to  choose  a  function  y  such  that 
the  associate  direction  of  <fXi  is  a  given  one  of  the  pencil 
other  than  the  direction  Xi. 

When  the  given  vector-field  has  been  normalized  (§  15), 
if  necessary,  and  Vi  are  the  components  of  an  associate 
covariant  vector,  we  have  —  0.  Hence  we  have: 

For  a  field  of  non-parallel  contravariant  vectors  the  associate 
directions  with  respect  to  a  curve  are  pseudo-orthogonal  to  the 
associate  covariant  vectors  of  the  field. 


*  Eisenhart ,  1926,  14. 
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In  particular,  if  C  is  not  a  path  of  the  space  and  are  the 
components  of  the  tangent  to  C,  that  is,  A*  =  — — ,  equations 


(16.1)  become 
(16.3) 


dt 


d*xi 


dt* 


+  r}k 


dx->  dxk 
dt  dt 


If  we  change  the  parameter  t,  we  get  a  pencil  of  associate 
directions  as  in  (16.2).  We  note  that  associate  directions 
of  a  curve  are  independent  of  the  tensor  The  associate 
directions  of  the  tangent  are  evidently  a  generalization  of 
the  pencil  determined  by  the  tangent  and  first  curvature  normal 
of  a  curve  in  a  Riemannian  space  (cf.  §  24).* 

In  a  similar  manner,  if  are  the  components  of  any  field 
of  non-parallel  covariant  vectors,  the  equations 

,  dxJ 

kj  dt  ~  H 

define  the  associate  covariant  vector  ^  of  with  respect  to 
the  curve,  unless  the  vectors  X{  are  parallel  with  respect  to 
it,  that  is,  unless  m  =  Xtf{t).  When  X <  is  replaced  by  (p  Xi, 
where  g>  is  an  arbitrary  function  of  the  x’s,  we  get  a  pencil 
of  associate  covariant  vectors  determined  by  the  given  vector 
and  any  one  of  them.  Moreover,  we  have: 

For  a  field  of  non-parallel  covariant  vectors  the  associate 
covariant  vectors  with  respect  to  a  curve  are  pseudo-orthogonal 
to  the  associate  contravariant  vectors  of  the  field. 

17.  Determination  of  a  tensor  by  an  ennuple  of 
vectors  and  invariants.  Let  X\a)  denote  the  componentst 
of  n  linearly  independent  vectors  in  a  coordinate  system  x *. 
Then  the  determinant 

(17.1)  X  =  I  xla)  I 

*  1926,  1,  pp.  60,  72. 

f  As  formerly  the  index  with  parentheses  indicates  the  vector  and  the 
one  without  parentheses  the  component.  This  convention  will  be  followed 
hereafter,  and  unless  stated  otherwise  the  indices  take  the  value  1,  •  ••,  n; 
moreover,  the  summation  convention  is  used  for  both  sets  of  indices. 


17.  ENNUPLES  OF  VECTORS 


45 


is  not  identically  zero.  We  denote  by  X\a)  the  n*  functions 
defined  by  the  equations 


(17.2) 


as  thus  defined  Xf]  is  the  cofactor  A|«)  in  A  divided  by  A. 
In  any  other  coordinate  system  x'x  the  functions  A'ja)  defined 
by  X'T]  =  dp  are  such  that 


3 /(a) 

4  i 


3  (a) 

Ki 


d  xi 
d  x'X 


Consequently  are  the  components  of  n  independent 

covariant  vectors.  Furthermore,  it  follows  from  (17.2)  that 


(17.3) 


If  we  had  started  with  the  independent  covariant  vectors 
A*a),  then  equations  (17.2)  serve  to  define  n  independent 
contravariant  vectors.  Owing  to  the  reciprocal  character  of 
the  relations  (17.2),  we  say  that  either  set  is  conjugate  to 
the  other,  and  that  the  two  sets  constitute  an  ennuple. 
It  is  evident  that  an  orthogonal  ennuple  of  contravariant 
vectors  in  a  Riemannian  space*  and  the  associate  covariant 
vectors  form  an  ennuple  in  the  above  sense. 

If  aV"V  are  the  components  of  a  tensor,  then  the  quantities 

J 1 


(17.4) 


A"P  r  - 


flV-VAW 

Ji'-j,  *, 


A(^r)  JA 

A  v> 


Xi 


(a,) 


are  invariants.  If  these  expressions  are  substituted  in  the 
right-hand  members  of  the  equations 


(17.5) 


=  £ 


■‘Pr  2*1 
l/»i> 


X(s )  Aj-a,) 

( Pr>  J  l 


these  equations  are  identically  satisfied  because  of  (17.3). 
Hence  we  have: 

*  1926,  1,  pp.  14,  40,  96. 
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The  components  of  any  tensor  are  expressible  in  terms  of 
invariants  and  the  components  of  an  ennuple .* 

In  particular,  we  can  express  i2y  in  the  form 

(17.6)  4  =  of?  4)  '-f 

where  are  skew-symmetric  in  the  subscripts. 

We  shall  apply  the  preceding-  results  to  show  that,  if 
(tyt  is  a  tensor  such  that  ayk  a  Ip  4>  =  0  for  o,  a  and 

r  not  equal  to  n,  then 

(17.7)  aijk  =  *  ctjk  -|-  ^jl)  bki  -f-  $  <ij , 

where  ay,  by,  cy  are  tensors.  In  fact,  if  we  write  ayu  in 
the  form  (17.5),  that  is 

„  _  }<  <*)  -  (fi)  i  (Y) 

G-ijk  —  ( aPf  .}  ? 

we  have  that  r„,!T  =  0.  Hence  (17.7)  follows,  where 
a.jk  =  cnnfi  Aj  Ak‘  and  so_on. 

Any  other  ennuple  If ,  A)"'  is  given  by 

( ■*  r-  rj\  *  l  _  Cl  -\i  (<>)  t(T  q  1 CC) 

(1  ( ^(fj)  -  Cftj  /* (a)  j  '*i  —  j4a  A;  , 

where  the  determinant  |  a"  |  is  not  identically  zero,  and  the 
a’s  and  A's  are  invariants  in  the  relations 


(17.9) 


U  1 7 

ft-G 


as  follows  from  (17.2).  If  cf  "  /  are  the  invariants  for  the 

Tr '  ‘T» 

tensor  with  respect  to  this  ennuple,  we  have 

j\‘  Jf 


(17.10) 


Vr'A. 


•  •  4r  a-1 


k  1 


When  for  a  given  coordinate  system  we  take 


-(C) 


(17.11) 

*  Cf.  1926,  1,  p.  97. 
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then 
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><«> 


as  follows  from  (17.2)  or  (17.3).  For  this  particular  ennuple 
we  have  from  (17.5) 


(17.13) 


that  is,  any  component  of  the  tensor  in  this  coordinate 
system  is  equal  to  the  invariant  with  the  same  indices  as 
the  component.  We  call  the  ennuple  (17.11)  and  (17.12) 
the  fundamental  ennuple  of  the  given  coordinate  system. 

18.  The  invariants  yfa  of  an  ennuple.  For  a  given 
ennuple  the  invariants  yfa  defined  by 


(18.1) 


r 

Yu  it 


l 


i  i  (»') 
(A)  I  j 


are  a  generalization  of  the  coefficients  of  rotation  of  an 
orthogonal  ennuple  in  a  Riemannian  space,  as  defined  by 
Ricci  and  Levi-Civita.* 

From  (18.1)  we  have  because  of  (17.3) 


(18.2) 


■A  _  v  p  p<<) 

Aqt)  | j  —  Yu  it  A(r)  *•]  . 


If  equations  (18.2)  be  multiplied  by  x£f)  and  summed  for 
/(,  the  resulting  equations  are  reducible  by  means  of  (2.2)  to 


(18.3) 


Llhj  = 


p«) 


9  A(a) 
dxJ 


I  >' 

T  Yu  <t 


-qo 

Ah 


-<ff) 


O')  '-j 


Conversely,  if  we  have  any  ennuple  and  a  set  of  invariants 
Ypa  and  we  define  functions  L\j  by  (18.3)  and  IJkj  by 
corresponding  equations  for  any  other  coordinate  system 
x Ave  find  that  equations  (2.1)  are  satisfied.  Hence  we 
have : 

An  ennuple  of  vectors  and  any  set  of  invariants  yfr,  de¬ 
termine  a]  connection ;  and  any  asymmetric  connection  is  so 
determined  A 


*  1901,  1,  p.  148;  cf.  1926,  1,  p.  97. 
t  Cf.  Levy ,  1927,  1,  p.  307. 
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When  in  particular,  we  take  Yy  «  =  0,  we  have  from  (18.3) 

/i  o  a\  r*  i<«>  ®  4) 

(18.4)  Lhj  =  —Xh 
and  from  (18.2) 

(18.5)  4)i \j  =  0.* 

Consequently  the  n  fields  of  vectors  /<«)  are  parallel  fields 
and  hence  L)ki  =  0  (§  9).  Conversely,  if  the  latter  condition 
is  satisfied,  we  can  choose  n  linearly  independent  vector- 
fields  satisfying  (18.5)  and  consequently  we  have  (18.4). 
Hence  we  have: 

A  necessary  and  sufficient  condition  that  the  curvature  tensor 
L)ia  of  a  manifold  with  asymmetric  connection  he  zero  is  that 
the  coefficients  of  the  connection  he  expressible  in  the  form 
(18.4)  in  terms  of  an  ennuple. 

From  the  form  of  equations  (2.1)  we  have: 

If  L)k  are  the  coefficients  of  a  connection,  so  also  are 
L)k  +  a)k,  where  a)k  are  the  components  of  an  arbitrary  tensor. 

As  a  consequence  of  this  theorem  we  have  that  for  any 
ennuple  the  quantities 

(18.6)  tij  = 

are  the  coefficients  of  an  asymmetric  connection.  For  from 
(18.4)  and  (3.3)  we  have 

(18.7)  Uj  =  Lin  =  Lhj  +  2  Ii)h. 


For  the  connection  defined  by  (18.6)  we  have  from  (18.3) 


(18.8) 


V 

Y/u  a  — 


9  4) 

dx-i 


X 


j  9  X(g)  \ 

lfi)  dxi  r 


from  which  it  follows  that  yf'a  is  skew-symmetric  in  y  and  cr. 

Equations  (18.7)  show  that  for  the  connections  (18.4)  and 

(18.6)  to  be  the  same,  it  is  necessary  that  Lhj  be  symmetric 
in  h  and  j.  In  this  case  equations  (18.5)  become 


*  Cf.  Weitzenbock,  1923,  2,  p.  319. 
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(18.9)  4j  =  0, 

where  the  covariant  differentiation  is  with  respect  to  the  jT’ s. 
Then  from  (9.6)  and  (5.3)  we  have  Bjki  =  0.  Conversely,, 
when  these  conditions  are  satisfied,  equations  (18.9)  admit 
n  linearly  independent  fields  of  vectors  parallel  with  respect 
to  the  r' s. 

From  (18.3)  it  follows  that  a  necessary  and  sufficient  con¬ 
dition  that  yfa  be  skew-symmetric  in  the  indices  y  and  a 
is  that 

Ui  +  Lju  =  -  \h  -jg-  +  Ij  . 

This  is  the  symmetric  part  of  either  of  the  coefficients  (18.4) 
or  (18.6)  and  consequently  satisfies  (5.6).  In  consequence 
of  this  result  and  the  above  theorem  we  have: 

A  necessary  and  sufficient  condition  that  the  invariants- y  f  a 
he  skew-symmetric  in  the  indices  y  and  a  is  that 

(is.io)  a,  = 

where  Sihj  is  an  arbitrary  tensor  skew-symmetric  in  h  and  j. 

If  we  denote  by  A*a)|^  the  covariant  derivative  of  A*«)  for 
the  connection  L)k  defined  by  (12.1),  we  have 

\cc)  I k  \a) \k  =  2  V'fc  \a)’ 
from  which  it  follows  that 

K  (^(a)  |  k  ^(«)|fc)  “  ^nXPk' 

Consequently  the  mixed  tensor 

(18.11)  4,1*— —  4*P%>I* 

n 

is  independent  of  the  choice  of  the  vector  V't.  The  same  is 
true  of  the  tensor 


4 
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,(a> 

M\k — 


■J 

Mp) 


■(p) 

lJ\k- 


If  equations  (18.11)  be  multiplied  by  XV  X%h  and  i  and  k 
be  summed,  we  find  that  the  invariants 


(18.12) 


9  a  o 


n 


are  independent  of  the  choice  of  the  vector  ipi  in  (12.1). 
Conversely,  if  we  have  two  asymmetric  connections  L)k  and 
Ljk  for  which  the  invariants  (18.12)  are  equal  for  a  given 
ennuple,  it  follows  from  (18.3)  that 


which  evidently  are  of  the  form  (12.1).  Hence  we  have: 

*4  necessary  and  sufficient  condition  that  parallelism  be  the 
same  for  two  different  asymmetric  connections  is  that  the 
corresponding  invariants  (18.12)  for  a  given  ennuple  be  equal 
for  these  amnections. 

19.  Geometric  properties  expressed  in  terms  of  the 
invariants  /y a.  In  order  that  the  vector-field  A,«)  of  an 
ennuple  at  points  of  each  curve  of  a  congruence  X}^  be 
parallel  with  respect  to  the  curve,  it  is  necessary  and 
sufficient  that 

•J  -t  _  . i 

M{D  Mu)  |  J  —  Q  /•(«)  • 

By  means  of  (18.2)  these  equations  are  equivalent  to 

( )'cc  ti  Q  ^ u )  ==  0  • 

Hence  we  have: 

A  necessary  and  sufficient  condition  that  the  vector-field 
of  an  ennuple  be  parallel  with  resp»ect  to  the  curves  of  a 
congruence  is  that 

(19.1)  Yu  p  —  0  (v  =  1,  .  • n  \  v  4  a). 

4s  a  corollary  we  have: 
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A  necessary  and  sufficient  condition  that  the  curves  of  the 
congruence  fa)  of  an  ennuple  be  paths  is  that 


(19.2)  yfa  =  0*  {v  =  ,  n\  v  f  a). 

If  we  use  the  notation 

3/  _  2i  3/ 

-  A.(a) 


(19.3) 

then 

/  9  9 

\ 9 r  dt? 

(19.4) 

3/ 

dxJ 

£ 

II 

dt 

9  9 


dxl  ' 


f 

(fa)  fp)ji —  fp)  fci)!i  +  2  fa)  /(£)  Lijk) 

3/ 


(//«  —  Ya  p  +  2  Oi/p) 


9  tv  ' 


in  consequence  of  (18.2)  -and  (17.6).  These  equations  are 
generalizations  of  equations  due  to  Ricci  and  Levi-Civitai 
in  Riemannian  geometry.  As  an  application  of  these  equations 
we  seek  necessary  and  sufficient  conditions  that  p  of  the 
congruences  of  an  ennuple,  say  fa)  (o'  =  1 ,  •  •  • ,  p),  generate 
a  system  of  oon~p  varieties  Vp.  In  this  case  the  equations 

(19.5)  f0)  Yf-  —  0  (a  =  1,  ...,p) 


must  form  a  complete  system.  From  (19.4)  we  have: 

A  necessary  and  sufficient  condition  that  the  congruences 
fa)  for  a  =  1,  •  •  •,  p  generate  a  system  of  o cn~P  varieties  Vp 
is  that 

(1 9.6)  Yfa  ~  Yf'p  +  2  =  0 

(a,  d  =  1,  •  •  •,  p\  v  =jp  +  l,  n). 

As  a  corollary  we  have: 

A  necessary  and  sufficient  condition  that  there  exist  a 
coordinate  system  such  that  the  curves  of  the  congruences  of 

*  Cf.  1926,  1,  p.  100:  also,  Levy,  1927,  1,  p.  308. 
f  1901,  1,  p.  150:  cf.  also  1926,  1,  p.  99. 
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an  ennuple  be  coordinate  lines  is  that  equations  (19.6)  hold 
for  all  distinct  values  of  a,  fi  and  v* 

We  say  that  a  congruence  is  pseudonormal  to  a  family 
of  hypersurfaces  fix1.  •  •  •,  of*)  =  const.,  if 


dx*  ' 


From  the  preceding  results  we  have: 

A  necessary  and  sufficient  condition  that  a  congruence  A)n) 
of  an  ennuple  be  pseudonormal  to  a  family  of  hypersurfaces 
is  that 

(19.7)  rfp  —  rfa  +  ZKfi  =  0  («,  fi=  1.  •••,  n  —  l).t 

*  These  two  theorems  for  the  case  of  a  symmetric  connection,  in  which 
case  utvap  =  0,  are  due  to  Levy,  1927,  1,  p.  308. 
f  Cf.  1926,  1,  p.  115. 
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20.  Geodesic  codrdinates.  When  a  coordinate  system  can 
be  chosen  for  which  the  coefficients  of  the  connection  vanish 
at  a  given  point  P(x*),  the  vector  at  any  nearby  point 
Pf  (xl0  -j-  dx 0  parallel  to  a  given  contravariant  vector  at  P  has 
the  same  components  as  at  P  to  within  terms  of  the  second 
and  higher  orders,  as  follows  from  (7.1).  If  in  equations  (2.1) 
we  put  Ljk  =  0,  we  see  that  a  necessary  condition  is  that  the 
coefficients  in  any  other  coordinate  system  be  symmetric  at  P. 

In  order  to  show  that  this  condition  is  also  sufficient,  we 
imagine  that  the  space  is  referred  to  a  general  coordinate 
system  xi  and  we  consider  the  transformation  of  coordinates 
defined  by 


where  ip*  are  any  functions  of  the  x’s  such  that  they  and 
their  first  and  second  derivatives  are  zero  when  the  x'’s  are 
zero.*  From  (20.1)  we  have  at  P 


(20.2) 


From  these  expressions  and  equations  (5.6)  we  have  at  P 


(Iji)  o  =  0. 


(20.3) 


Consequently  any  coordinate  system  defined  by  (20.1)  possesses 
the  desired  property.  Hence  we  have: 

When,  and  only  when,  at  a  point  the  coefficients  of  a  con¬ 
nection  are  symmetric  in  the  subscripts,  coordinate  systems  can 


*  Cf.  1926,  1,  p.  56. 
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be  chosen,  with  the  point  as  origin,  such  that  the  coefficients 
are  zero  at  the  point. 

Weyl*  calls  a  connection  affine,  when,  at  every  point  a 
coordinate  system  exists  for  which  the  components  of  a  vector 
in  this  coordinate  system  remain  unaltered  by  an  infinitesimal 
displacement,  to  within  terms  of  the  second  and  higher  orders, 
but  we  use  the  term  affine  for  asymmetric  connections  as 
well  (cf.  §  7). 

Any  coordinate  system  for  which  (20.3)  is  satisfied  has 
been  called  geodesic  by  Weyl.  From  the  foregoing  results  it 
follows  that  if  the  coordinates  xl  are  geodesic  for  a  point  P 
as  origin,  other  geodesic  coordinate  systems  with  the  same 
origin  are  defined  by 
(20.4)  x  =  dj  x'j  -f-  ip1 . 

where  the  ip’s  are  of  the  character  appearing  in  (20.1). 

It  is  evident  that  at  the  origin  of  a  geodesic  coordinate 
system  first  covariant  derivatives  reduce  to  ordinary  derivatives. 
Consequently  the  use  of  such  a  system  frequently  makes  for 
considerable  simplification  in  any  problem  involving  first  co¬ 
variant  derivatives.  Moreover,  when  the  results  of  such  an 
investigation  are  stated  in  tensor  form,  their  generality  is  not 
conditioned  by  the  use  of  the  particular  coordinate  system. 

Symmetric  connections  are  characterized  by  another  property. 
Consider  a  point  P(a4)  and  two  infinitesimal  vectors  dixi  and 
dtof  at  P,  and  denote  by  Pi  and  P2  the  points  of  coordinates 
x *  -f  d}  x?  and  xi  +  dt  of  respectively.  When  the  vector  dv  x * 
undergoes  a  general  parallel  displacement  to  P2,  its  components 
at  P2  are  dy  x  -f  dt  dy  x  +  L)k  di  xJ  <Z2  x,  and  the  coordinates 
of  the  point  P2]  at  the  extremity  of  the  vector  are 

x  4~  dt  x  +  dx  x  +  dt  di  x  -(-  L)k  dx  of  dt  xk. 

In  like  manner  when  the  vector  dtof  undergoes  a  parallel 
displacement  to  Plt  the  coordinates  of  the  point  Pit  at  the 
extremity  of  the  vector  are 

xl  4-  dv  x  -}-  dt  x *  -(-  di  dt  xl  4~  L)k  dt  of  dv  xk. 

*  1921,  1,  p.  112. 
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Hence  a  necessary  and  sufficient  condition  that  P12  and  P21 
coincide  is  that  Ljk  be  symmetric  in  j  and  k,  that  is,  that 
the  connection  be  symmetric.* 

21.  The  curvature  tensor  and  other  fundamental 
tensors.  In  §  5  it  was  seen  that  the  quantities 

(2i.i)  B)n  =  -|^£-  -  +  ri,rik~r%rL 


are  the  components  of  a  tensor.-  This  tensor  arises  when 
we  express  the  conditions  of  integrability  of  equations  (5.6). 
In  fact,  these  conditions  assume  the  form 


(21.2) 


dxp  d  xq  dx'r  /S 
3  x-i  T?  3  xl  pqr 


dx 


ts 


dx 1 


B)ki, 


from  which  equations  the  tensor  character  of  B)ki  is  apparent. 
This  tensor  is  a  generalization  of  the  Riemannian  curvature 
tensor  of  a  Riemannian  space  and  we  call  it  the  curvature 
tensor  of  the  space  with  symmetric  connection. 

From  (21.1)  it  follows  that  B)ki  is  skew-symmetric  in  k 
and  l ,  that  is, 

(21.3)  B)ki  +  B)lk  =  0. 

Also  the  components  satisfy  the  identities 

(21.4)  Bjki  +  Bkij  -f-  B\jk  =  0. 

This  result  js  readily  proved  by  choosing  a  geodesic  coordinate 
system  at  a  point  P.  In  this  case  at  P  all  of  the  F’s  are 
zero  and  (21.4)  can  be  shown  to  hold  at  Pin  this  coordinate 
system.  Since  this  is  a  tensor  equation  it  holds  at  P  in  any 
coordinate  system.  Moreover,  as  P  is  any  point,  it  holds 
throughout  the  space. 

In  like  manner  at  a  point  P  in  a  geodesic  coordinate 
system  with  P  origin,  we  have 

*Cf.  Weyl,  1921,  1,  p.  107;  Levi-Civita,  1925,  5,  p.  135. 
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Bi  -  _  *'*%  , 

J  ' m  daf  dxm  3  x1  3  x'"  ' 

as  follows  from  (21.1)  and  (6.1).  Consequently 

(21.5)  Ejkl,  m  +  k  "f  l  —  0. 

Since  these  are  tensor  equations,  they  hold  throughout  space 
in  any  coordinate  system.  They  are  evidently  a  generalization 
of  the  identities  of  Bianchi  for  a  Riemannian  space,  and  are 
called  the  identities  of  Bianchi  for  a  symmetric  connection* 
In  a  similar  manner  the  following  identities  due  to  Vebleni 
can  be  established: 

Bjkl,m  +  r}\jm,k  -f  BmiicJ  Bkmj.l  =  0  .j 

22.  Equations  of  the  paths.  In  §  12  it  was  shown 
that  parallelism  throughout  a  space  with  symmetric  connection 
is  uniquely  defined,  that  is,  that  it  is  not  possible  to  have 
two  symmetric  connections  with  respect  to  which  parallel 
directions  along  every  curve  in  the  space  are  the  same  for 
both  connections;  thus  each  symmetric  connection  is  a  un¬ 
ique  affine  connection.  However,  as  a  corollary  of  the  third 
theorem  of  §  12  we  have: 

The  paths  are  the  same  for  two  symmetric  connections  whose 
coefficients  are  in  the  relations 

(22.1)  Tjk  =  7 %  +  6)  ipk  -f  tffj , 

where  tpj  an  arbitrary  covariant  vector. § 

The  paths  are  a  generalization  of  the  straight  lines  of 
euclidean  space.  Accordingly  the  properties  of  the  space 

*  Cf.  Vtblen ,  1922,  5,  p.  197;  Schouten,  1923,  7. 
f  L.  c.,  p.  197. 

f  It  is  evident  that  the  iesults  of  these  two  sections  apply  not  only 
to  the  case  of  symmetric  connections,  but  that  they  apply  also  to  the 
symmetric  parts  of  any  asymmetric  connection. 

§  Weyl,  1921,  2,  p.  100;  cf.  also  Eisenhart,  1922,  2  and  Veblen,  1922,  3. 
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which  depend  upon  the  paths  and  not  upon  a  particular  affine 
connection  of  the  set  (22.1)  constitute  a  projective  geometry 
of  paths,  whereas  those  depending  upon  a  particular  affine 
connection  constitute  an  affine  geometry  of  paths.  In  this 
chapter  we  consider  the  latter  and  postpone  to  the  next 
chapter  a  study  of  the  former. 

If  we  have  a  particular  path,  that  is,  an  integral  curve 
of  equations  (7.6),  then 


(22.2) 


d2xl  i  ,-,i  dxi  dfic 

<lF  +  ljk  fit  ~dT 


*r 


fix' 


where  g  is  a  determinate  function  of  t. 
parameter  s  by 


(22.3) 


If  we  define  a 


where  c  is  an  arbitrary  constant,  equations  (22.2)  become 


(22.4) 


d-  x i  .  i  dx-i  dxk 
ds 2  Jlc  ds  ds 


Thus  the  parameter  s  for  a  path,  which  ive  call  an  affine 
parameter,  is  the  analogue  of  the  arc  s  of  a  geodesic  in  a 
Riemannian  space.*  It  is  evident  from  (22.3)  or  (22.4)  that, 
if  s  is  any  affine  parameter,  the  most  general  one  is  given 
by  a  s  -f  b  where  a  and  b  are  arbitrary  constants.  Further¬ 
more,  by  means  of  equations  (5.6)  we  can  establish  the 
theorem  (cf.  §  38) : 

When  the  coordinates  x{  undergo  a  general  transformation, 
an  affine  parameter  is  not  altered. 

From  the  form  of  equations  (22.4)  it  follows  that  a  path 
is  uniquely  determined  by  a  point  P0  of  coordinates  a'o  and 
a  direction  at  P0.  In  fact,  if  we  put 


(22.5) 


where  a  subscript  zero  indicates  the  value  at  P0,  we  have 
from  (22.4) 

*  1926,  l,  p.  50. 
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(22.6) 


xl  —  xl0  +  s 


s“  + 


the  coefficients  of  s3  and  higher  powers  of  s  being  obtained 
from  the  equations  which  result  from  (22.4)  by  differentiation 
and  reduction  by  means  of  (22.4).  Thus  we  have 


d3xl  i  dx-i  dxk  dxl 

ds3  '  ds  ds  ds 

dix1  i  dx-i  dxfc  dxl  dxm 

ds 4  jklm  ds  ds  ds  ds 


Mi 

MaM~2rM’ 

P  before  an  expression  indicating  the  sum  of  terms  obtained 
by  permuting  the  subscripts  cyclically  and  N  denotes  the 
number  of  subscripts.  Hence  we  have  in  place  of  (22.6) 

(22.9)  a*  =  aS  +  ^-y (^)0?^V_-|y(r*rf)0^?V+.... 

The  domain  of  convergence  of  these  series  depends  evidently 
upon  the  expressions  for  rjk  and  the  values  of  £*.  However 
for  sufficiently  small  values  of  s  they  define  a  path,  that  is, 
an  integral  curve  of  equations  (22.4).* 

23.  Normal  codrdinates.  In  §  20  we  saw  that  for 
a  given  symmetric  connection  there  can  be  chosen  coordinate 

*  These  results  are  an  immediate  generalisation  of  a  similar  treatment 
for  geodesics  in  Riemannian  geometry,  1926,  1,  p.  52;  cf.  Veblen  and 
T.  Y.  Thomas,  1923,  1,  p.  560. 


where 


(22.7) 

and  in  general 

(22.8)  rjia...mp  = 


=  0. 

=  0, 


23.  NORMAL  COORDINATES 


59 


systems  for  any  point  so  that  at  the  point  the  coefficients 
rjk  are  zero.  In  this  section  we  wish  to  establish  the  existence 
of  a  class  of  coordinate  systems  possessing  this  property 
which  are  a  generalization  of  Riemannian  coordinates  in 
a  general  Riemannian  space.*  They  were  considered  first 
by  Veblen.t  who  has  called  them  normal  coordinates. 

Let  C  be  a  path  through  a  point  P0,  and  s  an  affine 
parameter  of  the  path  which  is  zero  at  P0;  then  the  con¬ 
stants  £*  ate  uniquely  defined  by  (22.5).  To  each  point  of  C 
we  assign  coordinates  yi  by  the  equations 

(23.1)  yl  =  tls. 


Since  equations  (22.9)  define  the  path  in  the  re’s,  between 
the  rr’s  and  y' s  at  points  of  C  we  have  the  relations 

(23.2)  xi  =  xl+yi  —  ~  (rjk)0 yi yk  —  (ry0  yiyty1  -\ - . 

If  we  assign  coordinates  in  this  manner  to  the  points  on  all 
paths  through  P0  in  a  domain,  such  that  no  two  paths  meet 
again  within  it,  we  have  a  coordinate,  system  yi  in  the  domain. 
Moreover,  equations  (23.2)  are  the  same  for  all  paths  and 
consequently  are  the  equations  of  the  transformation  of  Co- 
Ordinates,  P0  being  the  origin  for  the  y' s.  Since  the  jacobian 
d  xi 

— — j  of  these  equations  is  different  from  zero  at  P0,  the  series 
dyJ 

can  be  inverted,  and  we  have 


(23.3)  V1  =  a*  —  *o  +  Fi(F  —  x\,  •  •  • ,  xn  — 

where  Fi  are  series  in  the  second  and  higher  powers  of 
(xJ  —  xi)  for  j  =  1,  •  •  -,  n.  Comparing  (23.2)  with  (20.1)  we 
see  that  the  y' s  are  a  particular  type  of  geodesic  coordinates; 
we  call  them  normal  coordinates. 

From  the  definition  of  the  y' s  it  follows  that  (23.1)  are 
the  equations  in  finite  form  in  the  y' s  of  the  paths  through  P0. 

*  1926,  l,  p.  53. 

1 1922,  5.  p.  193;  also  Veblen  and  T.  Y.  Thotnai,  1923,  1,  pp.  562-566. 
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Consequently  the  equations  of  the  paths  through  the  origin 
of  a  normal  coordinate  system  have  the  same  form  in  these 
coordinates  as  the  equations  of  straight  lines  in  euclidean 
space  in  cartesian  coordinates. 

If  we  denote  by  C]k  the  coefficients  of  the  connection  in 
the  ^’s,  the  equations  of  the  paths  in  this  coordinate  system 
are 


(23.4) 


diyl 
ds 2 


+  C}k 


d yj  d yk 
ds  ds 


=  0. 


Since  these  must  be  satisfied  by  (23.1),  we  must  have 

(23.5)  Cjk  $j  f  =  0, 
and  on  multiplication  by  ss 

(23.6)  Cjk  yj  yk  —  0 , 


which  equations  hold  throughout  the  domain.  Conversely,  if 
these  conditions  are  satisfied,  equations  (23.4)  are  satisfied 
by  (23.1)  and  consequently  the  y’s  are  normal  coordinates. 

When  we  apply  to  (23.4)  considerations  similar  to  those 
applied  to  (22.4)  which  led  to  (22.9),  we  obtain 


(23.7) 


/  =  sv — y  «&.  -  jr  (C«)»  f*  «* 


where  are  defined  by  equations  of  the  form  (22.8). 

Since  these  expressions  must  be  equivalent  to  (23.1),  we 
must  have 


(23.8) 


(Cjk)  o  =  0 


and 

(23.9)  (Cl..Jr)0  =  0 


for  all  values  of  p.  Equations  (23.8)  follow  also  from  (23.5), 
since  the  |’s  are  arbitrary. 

From  (23.8)  also  it  follows  that  normal  coordinates  are 
a  particular  class  of  geodesic  coordinates  (§  20). 
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If  instead  of  a  general  coordinate  system  xi  we  take  any 
other  coordinate  system  xl  and  proceed  as  above  and  denote 
by  y'1  the  normal  coordinates  thus  obtained,  we  have  in  place 


of  (23.1) 


fi 


y 


s 


for  the  equations  of  the  paths.  Since 


(23.10) 


/  dxn  \ 

ldxl 

dxj\ 

\  ds  ] o 

\  9  xi 

ds  1 1 

where  the  a’s  are  constants,  we  have 


(23.11)  = 

Hence  we  have: 

When  the  coordinates  xi  of  a  space  are  subjected  to  an 
arbitrary  analytic  transformation,  the  normal  coordinates 
determined  by  the  x’s  and  a  point  undergo  a  linear  homo¬ 
geneous  transformation  with  constant  coefficients. 

From  the  definition  (23.10)  of  the  a’s  it  follows  that  when 
a  transformation  (23.11)  of  the  normal  coordinates  is  given, 
corresponding  analytic  transformations  of  the  re’s  exist  but 
are  not  uniquely  defined. 

From  the  form  of  (23.11)  it  follows  that  normal  coordinates 
are  fundamental  in  the  affine  geometry  in  the  neighborhood 
of  a  point. 

If  we  differentiate  equation  (23.6)  with  respect  to  s  along 
any  path,  make  use  of  (23.1)  and  multiply  the  resulting 
equation  by  s,  we  obtain 

(23.12)  Cjia  yj  yk  y  =  0, 
where 

(23.13)  = 


P  indicating  the  sum  of  terms  obtained  by  permuting  j,  k 
and  l  cyclically.  Proceeding  with  (23.12)  as  was  done  with 
(23.6),  we  get  a  sequence  of  identities  of  the  form 
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(23.14) 
where 

(23.15) 


Cj.  J'V1' ■■■!/-  =  0, 


C-  ■  — 


1  P(Mji  Jr- 1 
dyjr 


As  thus  defined  the  C’s  are  symmetric  in  the  subscripts  and 
they  are  the  functions  in  the  normal  coordinates  y*  for  which 
the  corresponding  functions  in  the  cc’s  are  given  by  (22.8). 
From  (23.13)  and  (23.15)  we  obtain 


Cjklm 


2_  /  d2Cjic  \ 

3-4  '  \dyl  dym  1  ’ 


S  indicating  the  sum  of  the  six  terms  obtained  by  the  per¬ 
mutations  of  the  subscripts,  j,  k,  I,  m,  which  do  not  yield 
equivalent  terms.  In  general,  we  have 


(23.16) 


S 


r(r  1)  \dyJs  ■  ■  ■  dyJrl  ' 


in  this  case  Vindicates  the  sum  of  r(r — 1 ) / 2  different  terms. 

If  yi  are  a  system  of  normal  coordinates  with  a  point  P 
as  origin  and  yn  are  the  normal  coordinates  corresponding 
to  the  y' s  with  the  point  P' ,  of  coordinates  dy\  as  origin, 
we  have  from  (23.2) 

i  J  i  I  /*  1  7^i  ij  rlt 

y  =  cly  +  y  —  tjk  y  y 

(23.17) 

1  /  fi  tj  f  k  tl  | 

yr  (  y  y  y  t —  > 

where  C%  and  so  forth  are  the  values  of  the  corresponding 
6”s  for  the  \j  s  at  P'.  Because  of  (23.8)  we  have 


1 

2 


dyldym-\ - . 


24.  Curvature  of  a  curve.  Let  C  be  any  curve  in 
a  VH,  not  a  path,  the  coordinates  xi  being  expressed  in  terms 
of  a  general  parameter  t.  The  equations 
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(24.1) 


d2xi  ,  Ti  dxJ  dxk 
+  Ljk  ~dt  ~dt 


dt2 


define  a  contravariant  vector  fii.  If  we  change  the  parameter  t, 
we  get  in  general  a  new  vector,  which  is  of  the  pencil 

_ .  ^  x* 

determined  by  nl  and  .  We  single  out  one  of  these 

tv  6 

vectors  by  choosing  for  the  parameter  an  affine  parameter  s 
of  the  path  tangent  to  C  at  a  given  point  and  we  choose  s 
so  that  s  =  0  at  P.  Accordingly  we  write 


d2x i 
ds* 


+  Ljk 


dxj 

ds 


dxk 

ds 


which  in  fact  are  equivalent  to 


f24.2) 


d*xl  .  i  dxi  dx?1  _  i 
ds2  ds  ds  ^  ’ 


that  is,  the  vector  is  not  affected  by  the  choice  of  the 
tensor  di)u.  Since  s  is  determined  to  within  a  constant  factor 
(§  22),  the  same  is  true  of  (i*. 

If  we  take  for  the  x's  a  set  of  normal  coordinates  with 
origin  at  P,  these  equations  reduce  to 


(24.3) 


d2xi 

ds2 


These  equations  are  an  evident  generalization  of  those  in 
euclidean  three-space  which  define  the  first  curvature  vector 
of  the  curve  at  P.  Accordingly  we  call  ^  defined  by  (24.2) 
in  general  coordinates  the  first  curvature  vector  of  the  curve  at  P. 
From  (24.3)  we  have  for  C 

(24.4)  =  (irr)0s+j(fl‘'>°  *'+■■■’ 

and  the  equations  of  the  path  tangent  to  C  at  P  are 
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Consequently  the  values  of  at  P  determine  the  departure 
of  the  curve  from  the  path  at  a  point  near  P. 

It  is  readily  shown  that 

The  surface  formed  hy  the  paths  through  a  point  of  a  curve 
in  the  pencil  of  directions  determined  hy  the  tangent  and  first 
curvature  vector  to  the  curve  at  the  point  osculates  the  curve* 

25.  Extension  of  the  theorem  of  Fermi  to  symmetric 
connections.  The  following  theorem  was  proved  for  Rie- 
mannian  connections  by  Fermit  and  in  this  section  is  estab¬ 
lished  for  symmetric  connections: 

For  a  space  with  a  symmetric  connection  it  is  possible  to 
choose  a  coordinate  system  with  respect  to  which  the  coefficients 
r)k  are  zero  at  all  points  of  a  curve,  or  of  a  portion  of  it. 

Suppose  that  the  curve  C  is  defined  by  xl  —  y>*(f)  and 
that  at  a  point  P0  of  it  we  take  n  —  1  independent  vectors 
A(«)  for  a  =  1,  n  —  1,  which  also  are  independent  of 
the  tangent  to  the  curve,  that  is,  at  P0  the  determinant 


tfi)  •  •  • 

tfi> 

(25.1) 

4  — 

^•(n— 1)  •  •  • 

■  n 

'•(n— 1) 

91'  •  •  • 

Cpn' 

is  different  from  zero,  primes  indicating  differentation  with 
respect  to  t.  From  these  vectors  we  obtain  n  —  1  families 
of  vectors  X\a)  by  parallel  displacement  along  C.  It  follows 
from  continuity  considerations  that  there  is  a  portion  R  of 
C  about  P0  for  which  4^0.  At  P0  the  components  of  any 
vector  depending  upon  the  given  n  —  1  vectors  are  of  the  form 

(25.2)  f  =  Aa X(U)  (a  =  1,  •  •  •,  n  —  1). 

If  this  vector  undergoes  parallel  displacement  along  C,  we 
get  a  family  of  vectors  whose  components  at  each  point  are 
*  Cf.  1926,  1,  p.  62. 

t  1922,  7;  the  method  followed  is  an  adaptation  of  a  proof  of  the 
theorem  for  Riemannian  connections  given  by  Levi-Civita,  1926,  4. 
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given  by  (25.2)  in  which  the  A’s  remain  constant.  Since 
any  point  can  be  taken  as  P0,  the  components  of  any  vector 
at  any  point  in  the  (w  —  l)-fold  of  vectors  at  the  point  can 
be  expressed  in  the  form  (25.2). 

If  we  put 

(25.3)  4)  =/(<)/+  4)  /“(*) 

and  express  the  condition  that  the  functions  4)  are  a  so¬ 
lution  of  (7.1),  we  have 

(25.4)  +/  /  +  4)  =  0, 

where  p1  are  defined  by  (24.1).  In  the  region  R  functions 
a(t )  and  aa(t )  can  be  determined  such  that 

(25.5)  =«/+«“  4), 

since  d  0?  and  the  functions  f  and  /“  are  determined  by  the 
quadratures 

(25.6)  f=ceSadt,  f“  =  -ffa°dt  +  <?} 

where  the  c’s  are  constants.  If  in  particular  the  given  curve 
is  a  path  a“  =  0  for  a  =  1,  •  •  •,  n — 1. 

Consider  at  any  point  P  of  C  the  ( n — l)-fold  of  vectors 
defined  by  (25.2)  and  the  paths  of  the  space  through  P  in 
these  directions.  The  locus  of  these  paths  is  a  Fn_i.  The 
equations  of  any  one  of  these  paths  are 

(25.7)  P  =  y*(0-Ma4)  s—  y(rjfc)PJ.a4)  ^ 4>  »*+—, 

where  t  is  the  value  at  P  of  the  parameter  along  C,  ( r}k)P 
are  evaluated  at  P  and  s,  the  affine  parameter  of  the  path, 

is  chosen  (§  22)  so  that  at  P  we  have  -jj-  =  Aa  A*a) . 

A  new  set  of  coordinates  y *  is  assigned  to  each  point  of  C 
by  means  of  equations 


y{  =  r(t), 


6 
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where  the  ip's  are  any  continuous  functions  of  t.  In  like 
manner  along  each  path  through  P  we  associate  coordinates 
y{  with  each  point  by  means  of  the  equations 

(25.8)  ya  =  ip«(t)  +  Aas,  yn  = 

where  the  A’s  are  the  constants  in  (25.21  which  determine 
the  direction  of  the  path  at  P;  thus  s  =  0  at  P.  We 
assume  that  ipn'  ^  0,  so  that  the  last  of  (25.8)  can  be  written 


(25.9) 


t  =  d(y’  0. 


We  eliminate  the  A’s  from  (25.7)  by  means  of  (25.8)  and 
replace  t  by  its  expression  (25.9).  This  gives  equations  of 
the  form 


P  =  Fi  (yw)  +  i{«)  (if  —  V*) 


(25.10) 


(Pjk)  /-in)  Kfl)  (ya 


where  the  /’s,  ip's  and  (r/?£)  are  functions  of  y“.  If  this 
process  is  followed  out  at  each  point  and  for  each  direction, 
we  have  coordinates  if  associated  with  every  point  of  the 
family  of  Fn-i’s  as  defined,  and  equations  (25.10)  are  of  the 
same  form  for  all  the  points.  At  points  of  C,  that  is  where 
ya  _  tjje  jacobian  of  (25.10)  is  reducible  to  6  A  or  Ahpn' , 
where  A  is  given  by  (25.1).  Hence  for  a  domain  of  the 
space  in  the  neighborhood  of  the  portion  K  of  the  curve  for 
which  A^O,  equations  (25.10)  define  a  transformation  of 
coordinates. 

If  we  denote  by  /('<*>  the  components  in  the  y' s  of  the 
vectors  we  have  at  points  of  C .  by  means  of  (25.10), 


f  _  j  J  _  j  fi  -A  I  1  « 

*<«)  —  A(c)  —  /.(«)  /(p)  -f-  /.(a) 


I  dFi  i  d  yf  \ 

\  dyn  ,fi)  dyn  ) ' 


When  these  equations  are  written  in  the  form 


/(;*)  U(«)  —  <1«)  +  i(o)  (f  —  Afl)  ) 


(//«' 


=  0, 
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we  have  that 

(25.11)  !<«)  =  dl. 


In  order  that  a 

components 

(25.12) 


family  of  vectors  k\n)  may  have  the 


in  the  y' s,  it  is  necessary  that 


_  —j  dxl  d  xl 

*(n)  —  Mn)  "7  7  —  "T  77~ 

a y>  a  yn 


W-tio  o 


lpn' 


Comparing  this  result  with  (25.3),  (25.4)  and  (25.6),  we  see 
that,  if  in  the  above  definition  of  the  y’s  we  take 


1 

r 


ipa> 


r'r 


? 


where  the  f  s  are  given  by  (25.6),  then  the  components  in 
the  y' s  of  the  vectors  (25.3)  will  have  the  values  (25.12), 
and  will  be  parallel  along  the  curve  because  of  (25.6). 
From  (25.10)  we  have  at  points  of  C 


3  xl 

w 


3 2  xl 
d  ya  d  yP 


-  (4)  4 


(a) 


-  (4) 


3  xJ 
dxf 


3  xk 

w 


Hence  from  equations  of  the  form  (5.6),  we  have  in  the  y' s 


(25.13)  4  =  0  («,  fi  —  1,  •  •  •,  n  —  1 ;  i  =  1,  •  •  •,  n). 


Since  by  hypothesis  the  vectors  of  components  (25.11)  and 
(25.12)  are  parallel  along  C,  we  have 


ri 

rj,li7 


=  0. 


If  j  =  1,  •••,  n  —  1,  we  have  in  consequence  of  (25.13)  and 
(pn'  ^  0,  that  1  an  —  0,  and  then  for  j  =  n  that  Fn*n  =  0. 
Consequently  we  have  established  the  theorem. 
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We  observe  that  only  the  first  three  terms  of  (25.10)  have 
entered  in  the  above  discussion.  Consequently,  any  expressions 
differing  from  (25.10)  in  terms  of  the  third  and  higher  orders 
of  ( ya  —  xpa)  define  transformations  of  the  desired  type. 

26.  Normal  tensors.  Because  of  the  conditions  (23.8), 
when  the  functions  Cjk  are  developed  in  powers  of  the  xj s, 
we  have 


(26.1) 


C]k  —  Ajki  y  +  ~2  4/w,  q  V 1  V 5  H - 

+  ^r-Ajial...iT  y1  •••  yTjr 


where 

(26.2) 


drCjk  ‘  \  > 

d y ' • •  •  d  yr  /  0 


From  the  equations  of  transformation  (23.2)  we  have 


(26.3) 


dxi 

dyj 


= 


dsxi 


=  -  (rid  0, 


drx? 


3  yJ 1  •  •  •  0  y*' 


dyj  dyk/o 

=  —(ri--j\' 


In  consequence  of  the  first  set  of  these  equations  it  follows 
that,  if  at  the  origin  the  numbers  (26.2)  are  taken  as  the 
components  of  a  tensor  in  the  y' s,  the  components  of  tue 
same  tensor  in  the  x’s  have  the  same  values. 

If  we  take  any  other  coordinate  system  xn  and  the  corre¬ 
sponding  normal  coordinates  yl  with  the  same  origin  as  above, 
we  have  a  new  set  of  constants  defined  by 


(26.4) 


/  3r  Cjj  \ 

\  9  xj1'  ...  9  ylr  1 0 


We  will  show  that  the  .4’s  and  ^4"s  are  the  components  of 
the  same  tensor  in  the  xj s  and  y' s  respectively,  and  also  in 
the  .r’s  and  x’s  respectively.  From  (23.11)  it  follows  that 


O  n 

?>y  _ 

dxjj 


aJ> 


y 


dyj  dxj1 


(26.5) 


=  0. 
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Consequently  the  functions  Cjk  and  C%  satisfy  the  relations 
[cf.  (5.6)] 


(26.6) 


d  y'P 
dyj 


9  y'r 

■w- 


Since  aj  in  (26.5)  are  constants,  we  have  from  (26.6)  by 
differentiation 


(26.7) 


(26.8) 


3  rC“k 

9  yn 

d  y1' 1  •  ■  •  3  yr 

9 

erc'py  ay'? 

3  y'r 

3  y'*1 

3  y,Gr 

3  y,c'  •  •  •  3  y,Cr  9  vJ 

3  yk 

3  yl 

dyT 

origin  of  the 

two  sets  of  normal  coordinates 

05 

1 

/  dx'1  dy dya 

)  _ 

3  y'* 

\  3  xJ  1  o 

\  3  y'P'  3  ya  3  xj 

/  0 

dyj  ’ 

in  consequence  of  (26.3)  and  similar  equations.  Consequently 
at  the  origin  we  have  from  (26.2),  (26.4),  (26.7)  and  (26.8) 


r\  tZ 

OX 

Jx" 


dx'1* 
°r  dx-> 


dxr 

doA 


16 
dx  , 

dx1' 


dx 

dxr 


Hence  if  at  each  point  in  space  we  obtain  the  numbers 
4jwt...ir  and  An/iroi...or  by  the  processes  (26.2)  and  (26.4), 
these  are  the  components  in  the  cc’s  and  a/’s  of  a  tensor. 
Being  defined  at  each  point  of  space,  the  ^4’s  and  A'’s  may 
be  regarded  as  functions  of  the  as’s  and  a/’s.  In  fact,  we 
shall  show  presently  what  the  functional  forms  of  certain 
of  them  are.  Following  Veblen  and  T.  Y.  Thomas,*  who 
have  developed  this  theory,  we  call  them  normal  tensors. 

If  we  differentiate  the  equations 


(26.9) 


a  dx1  __  d*  xl  .  dx?  dxf 
jk  dya  dyj  dif  **r  dyj  ~dyic 


*  1923,  1,  i>.  567. 
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with  respect  to  yl  and  make  use  of  (26.3),  we  have  at  the 
origin 

(26.i  0)  Ajki  =  — 1%  - 1  %  rfi  —  rjp  iid . 

Since  any  point  may  be  taken  as  the  origin,  equations  (26.10) 
define  A)fa  throughout  space.  If  we  differentiate  (26.9)  with 
respect  to  yl  and  ym,  and  proceed  as  above,  we  obtain 

,i  _  9 2  f'jk  ri  d  rjh  rh  9  r}lk  rh 

Ajklm  ~  dxldxm  jklm  dxx  km  dxl  Jm 

9  r Jh  r h  9  J'hu  r.h  9  rjk  rj  rh 

(26. 1 1 )  dxm  kl  dxm  jl  9 a*  lm  ih  klm 

-  nk  rjim  +  a%  i'L  +  A***  r,h 
+  fhrirjl  rkm  +  ifm  rfa). 

By  continuing  this  process  the  components  of  a  normal  tensor 
of  any  order  can  be  obtained. 

From  equations  (26.2)  it  follows  that  the  components  Ajki.--ir 
are  symmetric  in  j  and  k  and  in  the  last  r  indices.  In  con¬ 
sequence  of  (23.6)  we  have  that,  if  Cjk  as  given  by  (26.1) 

is  multiplied  by  yi  yk  and  j  and  k  are  summed,  each  term 
on  the  right  must  be  zero,  that  is 

(26.12)  PUjfeV-0  =  0. 

where  P  indicates  the  sum  of  all  the  terms  obtained  by 

permuting  the  indices.  However,  because  of  the  above  ob¬ 
servation  concerning  symmetry,  this  equation  can  be  replaced  by 

(26.13)  SUju.-O  =  °. 

where  S  indicates  the  sum  of  the  (r-{-  l)(r-f  2)/2  terms 

obtained  by  the  permutations  of  the  subscripts  which  do  not 
yield  equivalent  terms.  Thus  for  r  =  1  and  r  =  2  we  have 
respectively 

(26.14)  Aiki  +  Aiklj  -f  Aijk  =  0, 

(26.15)  Ajklm  4"  Ajimk  -f"  Ajmkl  4“  A'kljm  4~  Akmjl  4“  A\mjk  =  0  . 
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Because  of  (23.9)  the  functions  as  defined  by  (23.15), 

are  expressible  as  power  series  in  y’s  of  the  form 


(26.16)  c;t...jr  =  4, iy+  ‘  A + 

where  because  of  (23.16)  and  (26.2) 

S'Cf.-J, 


(26.17) 


3  yl  •  •  ■  dyl‘  lo 


=  7(7=1) 


the  functions  A}  being  components  of  a  normal  tensor 

and  S  indicating  the  sum  of  r(r — 1)/2  different  terms  obtained 
by  the  permutation  of  the  indices  From  these 

results  it  follows  that  are  components  of  a  tensor 

in  the  x’s,  symmetric  in  the  subscripts  j1;  •  •  •,  jr  and  in  the 
subscripts  h,---,ls.  When  we  apply  to  (26.16)  reasoning 
similar  to  that  which  led  to  (26.12)  from  (26.1),  we  have 


(26.18) 


PiA 


Ui-jMi--1, 


)  =  o, 


giving  identities  connecting  the  components  of  these  tensors. 

Since  rjki ,  as  defined  by  (22.7),  are  symmetric  in  k  and  l, 
it  follows  from  (5.4)  and  (26.10)  that 

(26.19)  B)u  =  A)tk— 4a- 

The  identities  (21.3)  follow  directly  from  this  result;  and  (21.4) 
because  the  A’s  are  symmetric  in  the  first  two  indices.  From 
(26.14)  and  (26.19)  we  have 

(26.20)  A}kl  =  y  (2  B)lk  +  B\kj)  =  ~  {B)lk  +  Bkij) . 


From  (26.19)  by  covariant  differentiation  we  obtain 

-Bjkl,  to  ==  -A-jlk,  m  Ajkl,  to  • 
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In  normal  coordinates  yi  we  have  because  of  (26.10)  and  (26.17) 


Ajki  ,  m  —  Ajklm  A{jkl)  m  • 
Consequently  we  have 

(26.21)  ==  A jlkm  Ajklm 

in  any  coordinate  system. 

In  like  manner  we  obtain 


B%i  ,mlmt  —  AjiJcmimi  Ajklm  +  Alfik  m{  Ajimt  Apimx  Ajkmi 

“1“  Ajlm1  ApkmJ  Ajkml  Aj)im^  -)-  Ahmlmt  (Ajik  —  Ajkl) 
+  Ajmimt  (Akhl  —  Ahlk)  +  Akmimt  ( Ajhi  —  Ajlh) 

-f  A^m^  ( Ajkh  —  Ajhk)  . 


By  this  method  we  are  able  to  express  any  covariant  derivative 
of  the  curvature  tensor  in  terms  of  normal  tensors.* 

27.  Extensions  of  a  tensor.  In  this  section  we  define 
a  process  of  obtaining  tensors  of  higher  order  by  differentiation, 
suggested  by  the  method  of  obtaining  normal  tensors. 

Consider  a  tensor  of  components  T-1'  [  and  T  ,*  "  V  in 
general  coordinates  x *  and  x'1,  and  let  t)1'  )r  and  t' V  "  V 
denote  the  components  of  this  tensor  in  the  normal  coordinates 
y*  and  y'\  corresponding  to  xi  and  xn  respectively,  for  the 
same  origin  P.  Accordingly  we  have 


/'V-V 
1  Ji-J. 


a-s  dv,il 
Vr-  A.  -  “ 


dy  1 


9  y'K  d_y^_ 
9  y"T  9  y'h 


3  y'j‘ 


d  9  i/a 

Since  the  quantities  and  are  constants  (§  23),  we 

3  T  dy 

have  from  the  preceding  equations  on  differentiating  with 
respect  to  y,kl,  •  • y'k”, 


*  For  further  developments  concerning  normal  tensors  see  Veblen  and 
T.  Y.  Thomas,  1923,  1,  pp.  576-580. 
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8  n'ly"lr 


dpfj'"as 

Pi  “r* 


(27.i.)  9 y',!'  ••  • 9 9 ?/■  •  •  • 9 /■ 

Cl 

8y  1 


x 


8  ?/*  8  ,/• 


If  we  put 


(27.2) 


71  i 
/».  •• 


d  y  1  8  8  ?/ 

(  Q’fr  -  Z  ) 

V  8  //*’  ...  d  if 11 


d  if 


8  y 


and  similarly  for  the  (’s  then  at  P  in  consequence  of  (27.1) 
and  (26.8),  we  have 


./V 


_  Jlal"'ar 


O  '  1 

8a; 


8  a; 


8  J7 


/'r"A:r,-7,  0ar«i 


8  a1 


8  a; 


/fc„ 


Hence  at  P  the  numbers  so  defined  are  the  components  of 
a  tensor  in  the  coordinate  systems  x  and  xn.  Since  P  is 
any  point,  we  have  thus  at  every  point  the  components  of 
a  tensor  in  the  two  coordinate  systems,  and  thus  the  T’s 
and  T" s  of  (27.2)  are  functions  of  the  a/s  and  a/’s,  as  in 
the  case  of  the  normal  tensors.  Following  Veblen  and 
T.  Y.  Thomas*  we  call  them  extensions  of  the  pth  order, 
when  there  are  p  additional  subscripts  as  indicated  in  (27.2), 
From  (27.2)  it  is  seen  that  an  extension  is  symmetric  in  the 
subscripts  indicating  differentiation,  whereas  this  is  not  the 
case  for  covariant  derivatives. 

When  p  =  1,  the  right-hand  member  of  (27.2)  is  equal 
to  the  first  covariant  derivative  of  taJ"'Zr  at  P  and  con- 

Px--P. 

sequently  the  left-hand  member  is  the  first  covariant  derivative 
of  T?1  “r  in  the  a/s,  evaluated  at  P.  However,  when  p  >  1, 
the  j?th  extension  is  not  equal  to  the  pib.  covariant  derivative, 
since  the  second  and  higher  covariant  derivatives  involve 
derivatives  of  the  coefficients  Cap  which  are  not  zero  at  P. 

*  1923,  1,  p.  572.  We  use  a  different  notation  in  that  a  comma  followed 
by  p  subscripts  indicates  the  y?th  covariant  derivative  and  a  semi-colon 
followed  by  p  subscripts  the  y?th  extension.. 
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Ill  order  to  obtain  an  expression  for  the  second  extension 
of  T?1  "r,  we  observe  that  at  P  the  second  covariant 

derivative  of  t*1"  is  given  by  [cf.  (6.1)] 


3 1,  •  ■  -,r  d  Ca‘ 

_ Pi-P.  ,  y  or 

dyydy  »  3  ?/ 

i,  3  Cl 

^  V  £/ 


From  the  preceding  observation  and  those  of  §  26  we  have 
in  the  re’s  at  P 


i,' 


(27.3) 


7>«1  •  «r  —  rpttl-  uT  I  y  W,"  a.-iofti+i ••■or  ja, 

h---p.,r*  i  Pi-P.  °r* 


If-,  s' 

-  Z  rrv;;* 


A* 


Pl  -Pj-lTPj+l  -  P‘  PjT*  ’ 


where  the  ^4’s  are  normal  tensors.  Since  P  is  any  point, 
we  have  thus  the  general  relation  connecting  covariant 
derivatives  and  extensions  of  the  second  order.  Evidently 
this  process  may  be  extended  to  any  order.  In  general,  the 
difference  between  a  ^th  covariant  derivative  and  an  extension 
of  the  ^th  order  is  expressible  linearly  in  covariant  derivatives 
of  orders  p —  2,  p —  3,  •  •  1  and  the  tensor  itself,  the  coeffi¬ 

cients  being  normal  tensors  covariant  of  orders  3,  4,  •  •  •,  p-\- 1 
respectively.* 

The  form  of  these  expressions  is  not  so  important  as  the 
fact  that  there  exist  tensors  whose  components  reduce  to 
the  derivatives  alone  at  the  origin  of  normal  coordinates,  as 
in  (27.2).  Moreover,  we  remark  that  both  the  covariant 
derivatives  and  the  extensions  are  generalizations  of  ordinary 
derivatives  in  euclidean  space  referred  to  cartesian  coordinates, 
since  both  expressions  reduce  to  ordinary  derivatives  in  this  case. 

28.  The  equivalence  of  symmetric  connections. 
The  question  of  whether  a  set  of  functions  *%  of  coOrdi- 

*  Cf.  Veblen  and  T.  Y.  Thomas,  1.  c.,  for  a  number  of  examples. 
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nates  x  and  a  set  rfi  of  coordinates  xl  define  the  same 
symmetric  connection  reduces  to  the  problem  of  determining 
whether  the  equations 


(28.1) 


3  2  xl 


ox 1  ox 


,’Y 


Jk  dx'1* 


I  r7'  o; 
+  ‘jk  — 


dxk 

dx'r 


admit  a  solution  x  =  y  (x'1,  •  •  •.  x'n),  such  that  the  jacobian 
of  the  y  s  is  not  zero.  The  conditions  of  integrability  of 
these  equations  are  (cf.  §  21) 


(28.2) 
where  we  have  put 

(28.3) 


T)  /W  ? 

-‘-'fro  li« 


=  Bjki  Up  nrug, 


dxl 

TcT 

ox 


When  equations  (28.2)  are  differentiated  with  respect  to  x'°l . 
the  resulting  equations  are  reducible  by  means  of  (28.1)  to 


(28.4) 


B 


/« 


Continuing  this  process,  we  obtain  the  infinite  sequence  of 
equations 

Z  _  ryi  j  Wl., 

2  UfK  —  Up  •  •  •  U(J  ~  7 

(28.5)  . 

T>fU  i  Tji  j  mr 

''fro,  ffj  -  ■  (7,  —  Bjkl,  ml  ■  ■  ■  inr  Up  ■  •  ■  ?f(__  . 


By  means  of  (28.3)  equations  (28.1)  can  be  written  as 


3  4 

3a;'^ 


'  fly  Ua  *  _//.•  llfl  ILy  . 


These  equations  and  (28.3)  constitute  a  system  of  the  form 
(8.1),  such  that  the  w2  quantities  ua  and  the  n  quantities  x1 
are  the  functions  6“,  the  a/’s  being  the  independent 
variables;  consequently  M  —  n2-\-n.  The  equations  (28.2), 


76 


II.  SYMMETRIC  CONNECTIONS 


(28.4)  and  (28.5)  are  in  this  case  the  sets  Fy,  Ft,  ■  •  •  of  §  8. 
Accordingly  we  have: 

A  necessary  and  sufficient  condition  that  tivo  symmetric 
connections  of  coefficients  rjk  and  1)1  be  equivalent  is  that 
there  exist  a  positive  integer  N  such  that  all  sets  of  solutions 
of  the  equations  of  the  first  N  sets  of  equations  (28.2),  (28.4) 
and  (28.5)  satisfy  the  (N  +  1  )th  set  of  these  equations ;  if  the 
number  of  independent  equations  of  the  first  N  sets  is  niJrn — p 
(p  0),  the  solution  involves  p  arbitrary  constants. 

From  the  considerations  of  §  8  it  follows  that,  if  the 
equations  (28.2),  (28.4)  and  (28.5)  are  consistent,  then 
N<n*-\-n.  We  shall  show  that  N  and  p  are  numerical 
invariants  for  a  connected  manifold.  In  fact,  denote  by 
F'  ( ula ,  x*’,  xl)  the  N  sets  of  equations  of  the  theorem  in 
consequence  of  which  the  (iV'+lHh  set  is  satisfied  and  let 

i  i  t  t\  tn\  i  ^  5P i 

Xx  =  9>1  (x  ,  •  •  •  ,  x  ),  ltd  =  - — 

dx 

be  a  solution  of  the  problem.  Let  x"  =  ip'  (x"1,  •••,  x"n) 
define  a  transformation  to  a  third  set  of  variables  x"1 . 
From  these  we  have  the  equations 

(28.6)  xl  =  <p\  (x"1,  •  •  • ,  x"n) 

defining  the  relations  connecting  the  cc’s  and  a:"’s.  If  we 
form  the  equations  analogous  to  (28.2),  (28.4)  and  (28.5)  for 
the  transfofmation  (28.6)  and  denote  by  F"  (u«,  x*,  x"1 )  the  N 
sets  of  these  equations  in  the  x’s  and  x"’s,  it  follows  that 
these  equations  are  satisfied  by  x*,  given  by  (28.6)  and 
i  ;  dtp* 

tip  =  ua  and  that  the  (AT+l)th  set  also  is  satisfied. 

Moreover,  the  JVth  set  of  these  equations  is  not  a  consequence 
of  the  others;  for,  if  it  were,  then  by  reversing  the  process 
we  would  have  that  the  Wth  set  of  the  original  group  is  a 
consequence  of  its  predecessors  in  the  sequence. 

By  the  same  argument  it  follows  that  the  number  n*  -f  n  — p 
is  an  invariant  for  the  manifold.  Hence  we  have: 
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The  minimum  positive  integers  N  and  p  which  enter  in  the 
determination  of  whether  two  given  symmetric  connections  are 
equivalent  are  numerical  invariants  for  the  manifold .* 

We  say  that  a  system  of  invariants  is  complete,  when  these 
invariants  for  two  symmetric  connections  are  sufficient  to 
determine  whether  the  two  connections  are  equivalent.  From 
the  above  results  it  follows  that  at  most  n2  -f  n  -f  1  of  the 
tensors  Bju,  •  •  •,  Bjhl,  m,  ■  ■  ■  mri  •  •  •  constitute  a  complete 

system  of  invariants  for  an  affinely  connected  manifold;  we 
have  also  that  there  exists  a  minimum  positive  integer  X 
such  that  N-\- 1  of  the  above  tensors  form  a  complete  system. 
In  consequence  of  the  results  of  §  26  we  have  that  W+  1 

i  V 

of  the  sets  of  normal  tensors  Ajki,  •  •  ■ ,  Ajum,  . .  mr,  •  •  •  form 
a  complete  system  also. 

Christoffelf  considered  the  problem  of  determining  the 
necessary  and  sufficient  conditions  that  two  sets  of  functions 
gg  and  g'g  of  x *  and  x'x  respectively  be  the  components  of 
the  same  tensor.  The  first  condition  is 

(28.7)  fa  =  S,jff 

When  these  equations  are  differentiated  with  respect  to  xr,  the 
resulting  equations  are  equivalent  to  (1.5).  These  are  of  the 
form  (28.1)  and  their  conditions  of  integrability  are  given 
by  (28.2),  (28.4)  and  (28.5),  where  now  the  B' s  are  the 
components  of  the  Riemannian  curvature  tensor.  Equations 
(28.7)  are  of  the  kind  referred  to  in  the  latter  part  of  §  8 
as  forming  a  set  of  conditions  F0.  In  this  case,  however, 
on  differentiating  (28.7),  the  resulting  equations  are  satisfied 
because  of  (1.5),  so  that  equations  (28.2)  are  the  set  Fx  and 
so  on.  Accordingly  the  solution  of  the  problem  reduces  to 
the  consistency  of  (28.7),  (28.2),  (28.4)  and  (28.5)  after  the 
manner  of  the  theorem  of  §  8,  as  Christoffel  proved. 

*  Cf.  T.  Y.  Thomas  and  A.  D.  Michal,  1927,  3. 
f  1869,  1,  p.  60. 
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For  two  asymmetric  connections  equations  (2.1)  reduce  to 
(28.1)  and 

(28.8)  <>%  4  ur  =  iifr  m‘„  . 

Consequently  in  considering  the  question  of  equivalence  of 
two  such  connections,  equations  (28.8)  constitute  the  set  F0 
of  §  8.  Then  the  set  consists  of  equations  (28.2)  and 


(28.9) 


"Vm,  Ur  l% 


O 


l 

lice 


and  each  other  set  Fr  consists  of  the  set  in  (28.4)  or  (28.5) 
involving  the  rth  covariant  derivatives  of  the  B' s  and  the 
equations  of  the  form  (28.9)  involving  the  >th  covariant 
derivatives  of  the  SJ’s.  With  this  understanding  the  above 
theorem  applies  to  this  case. 

29.  Riemannian  spaces.  Flat  spaces.  When  a  space 
is  Riemannian  and  gg  are  the  components  of  the  fundamental 
tensor,  the  Christoffel  symbols  of  the  second  kind  are  the 
coefficients  of  a  symmetric  connection,  as  seen  in  §  1.  In 
this  case  the  following  equations  are  satisfied  identically: 


(29.1) 


f)ij,k  — - 


9  gij 

3  xk 


(Jhj 


j  \ti  jih 

*  ik  fjih  *  jk 


=  0, 


where  the  C’s  are  the  Christoffel  symbols  of  the  second  kind. 

Conversely,  if  equations  (29.1)  for  a  given  set  of  C’s 
admit  a  solution  g y(i,j  =  1,  •••,  n),  then  we  have 


(29.2) 


!Jik,j  -(-  fjjk,i  Qij,k 


dgik  ,  dgj-k 
dxJ  ^  dxl 


9  __  0  ph  _  /-v 

3^  2ffhk  riJ  —  0’ 


from  which  it  follows  that  the  /”s  are  the  Christoffel  symbols 
of  the  second  kind  formed  with  respect  to  the  ^’s  (cf.  §  1). 
Consequently  a  necessary  and  sufficient  condition  that  a  space 
with  an  assigned  symmetric  connection  be  Riemannian  is 
that  equations  (29.1)  admit  a  solution. 
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From  (6.4)  we  have  that  the  conditions  of  integrability  of 
equations  (29.1)  are 

(29.3)  —  f)ij,ik  =  fjih  Bjid  +  gig  Biki , 


which  are  reducible  by  means  of  (29.1)  to 
(29.4)  gui  Bjki  +  gig  -Biki  =  0. 


If  these  equations  are  not  satisfied  identically,  that  is,  if 
we  do  not  have  B)ki  =  0,  the  solutions  of  these  equations 
must  satisfy  (29.1).  Differentiating  (29.4)  covariantly  with 
respect  to  xm  and  expressing  the  condition  that  (29.1)  be 
satisfied,  we  have 

(29.5)  (jin  Bjkj  m  -)-  (jhj  —  0. 


Proceeding  in  this  manner,  we  get  the  sequence  of  equations 
(Jill  Bjkl,  mm,  ~f~  f  Jhj  B>iklt  mm,  —  9  , 


(29.6) 


(Jih  Bjkl,  mml  ■  ■  -mr  ~f“  (Jhj  Bikl,i 


0, 


Because  of  the  results  of  §  8  we  have: 

A  necessary  and  sufficient  condition  that  equations  (29.1) 
admit  a  solution  is  that  there  exist  a  positive  integer  N  such 
that  the  first  N  sets  of  the  equations  (29.4),  (29.5)  and  (29.6) 
admit  a  complete  system  of  r  (^1)  sets  of  solutions  which 
satisfy  also  the  (N -)-  l)th  set ;  then  the  complete  system  can 
he  chosen  so  that  the  functions  gy  of  each  set  satisfy  (29.1). 

Since  equations  (29.4),  (29.5)  and  (29.6)  are  tensor  equations, 
it  follows  that  the  numbers  N  and  r,  defined  in  the  theorem, 
are  invariant  numbers  for  the  connection. 

If  r  =  1  and  gy  is  a  solution  of  the  K  sets  of  equations 
but  not  a  solution  of  (29.1),  then  there  exists  a  function  y 
such  that  the  quantities  e~q)  gy  satisfy  equations  of  the  form 

(29.1) .  If  the  determinant  \~gy\  is  not  zero,  from  equations 

(29.2)  we  have 
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(29.7)  r$  =  {’’j  +  |(?y g*  r,-q  tj-*} 

where  ghk  is  defined  by 

(29.8)  9hk9ik  = 


and 


IM 

1?;/ 


are  Christoffel  symbols  of  the  second  kind  formed 


with  respect  to  the  g’s.  Consequently  when  the  r’s  are 
expressible  in  the  form  (29.7),  the  space  is  Riemannian.* 
In  terms  of  gg,  equations  (29.1)  become 


(29.9)  gij,k  =  gn9,k- 

When  r>l  and  the  solutions  are  gW  for  a  =  1,  •••.»*, 
then 

(29.10)  gv  = 


where  the'  A’s  are  arbitrary  constants,  is  a  solution.  In 
general  the  A’s  can  be  chosen  so  that  the  determinant  |^-| 
is  not  zero.  When  this  solution  gg  is  taken  as  the  fundamental 
tensor  of  the  Riemannian  space,  the  tensor  B}ki  becomes  the 
Riemannian  curvature  tensor  R}ki.  For  this  space  the  other 
r  —  1  sets  of  solutions  are  tensors  whose  first  covariant 
derivatives  are  zero.  Hence  we  have  the  theorem: 

A  necessary  and  sufficient  condition  that  there  exist  for 
a  Riemannian  space  p  Q>  1)  tensors  aA],  other  than  the  funda¬ 
mental  tensor  gg,  such  that  their  first  covariant  derivatives  he 
zero,  is  that  there  exist  a  positive  integer  N,  such  that  the  first 
N  sets  of  equations  (29.4),  (29.5)  and  (29.6),  in  ivhich  B)ki  is 
the  Riemannian  tensor  Rjki,  admit  a  complete  set  of  solutions, 
9g>  ag]’  ’ '  ‘ >  a<if\  which  also  satisfy  the  ( N-\-l)th  set  of  the 
equations,  t 

A  space  with  a  symmetric  connection  is  said  to  be  fiat, 
or  plane,  if  the  curvature  tensor  B)ki  is  zero.  In  this  case 
equations  (29.1)  are  completely  integrable.  Hence  we  have: 

*  Cf.  Eisenhart  and  Veblen,  1922,  4,  pp.  22,  23;  also  Veblen  and  T.  Y. 
Thomas,  1923,  1,  pp.  590,  591. 

t  Cf.  Eisenhart,  1923,  3;  also,  Levy,  1926,  5. 
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A  flat  s pace  is  necessarily  a  Riemannian  space. 

From  the  last  theorem  of  §  9  .it  follows  that  a  preferred 
coordinate  system  exists  for  a  flat  space  such  that  the  co¬ 
efficients  rj*  for  this  coordinate  system  are  everywhere  zero. 
In  this  coordinate  system  the  solutions  gy  of  equations  (29.1) 
are  constants.  Consequently  the  preferred  coordinates  are 
generalized  cartesian  coordinates.* 

30.  Symmetric  connections  of  Weyl.  We  consider 
the  symmetric  connections  for  which  there  exists  a  vector  91 
and  a  symmetric  tensor  gy  such  that 

(30.1)  gg,k~ 1~  2  gy  <fk  =  0, 

and  the  determinant  g  is  not  zero.  We  remark  that  it  follows 
from  (29.9)  that  if  yk  is  a  gradient  the  space  is  Riemannian. 
We  assume  that  yk  is  not  a  gradient. 

If  we  substitute  in  (30.1)  the  expressions  (5.9)  for  the  Z”s, 
we  obtain 

rjjhaik+dihajk  =  2  gyfk- 
From  these  equations  we  obtain 

(30.2)  a}i,  =  df  gjky*, 

where 

(30.3)  -  9iJ  9b 
Consequently  the  coefficients  of  the  connection  are 

(30.4)  r)k  =  \jk\  +  df  9k  +  4'  ?j  —gjk 

Symmetric  connections  of  this  kind  have  been  proposed  by 
Weylt  as  the  basis  of  a  combined  theory  of  gravitation  and 
electro-dynamics.  From  the  remarks  at  the  beginning  of  this 
section  Ave  observe  that  in  a  sense  it  is  an  immediate 
generalization  of  a  Riemannian  geometry. 

If  we  put 

9  0 

(30.5)  Jij  =  e26  gy,  &  =  — 

*  Cf.  1926,  1,  p.  84. 
f  1921,  1,  pp.  125,  296. 
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where  6  is  an  arbitrary  function  of  the  x’s,  we  have  that 
ytj  and  (pi  also  furnish  a  .solution  of  (30.1),  when  gg  and 
g>i  do.  We  may  speak  of  two  Weyl  geometries  whose 
fundamental  quantities  are  in  the  relations  (30.5)  as  conformal 
to  one  another.  Weyl  refers  to  the  effect  of  changing  6 
as  a  change  of  gauge. 

When  we  express  the  conditions  of  integrability  of  equations 
(30.1),  we  have  in  consequence  of  (6.4) 

(30.6)  gnj  B’iiu  +  gih  B%i  +  2 gy  ((fk, i  —  <pi,k)  =  0. 
Multiplying  by  gij  and  summing  for  i  and  j,  we  have 

(30.7)  Bm  =  n  (<pilk  —  n,i)  =  n  - 

In  §  5  it  was  seen  that  for  any  manifold  Bid  is  the  curl  of  a 
covariant  vector  which  is  determined  to  within  an  additive 
arbitrary  gradient.  In  consequence  of  (30.7)  we  may  consider 

(pic  in  (30.1)  as  a  definite  function  of  the  ;r’s  namely  —  au, 

n 

where  au.  is  a  vector  whose  curl  is  equal  to  B\ik  [cf.  (5.10)]. 
Hence  equations  (30.1)  are  of  the  form  (8.1). 

By  means  of  (30.7)  equations  (30.6)  may  be  written  in  the 
form 

(30.8)  gnj  Biki  +  gin  Bjki  —  0 , 
where 

Bm  =  b'm - -$Bju. 

n 

Equations  (30.8)  constitute  the  set  Fx  for  the  theorem  of  §  8, 
and  the  sets  F;i,  •  ■  •  are  obtained  from  (29.5)  and  (29.6) 
on  replacing  the  B' s  by  B’ s;  we  call  them  (30.8)'  and  (30.8)" 
respectively.  Hence  we  have  by  means  of  §  8: 

A  necessary  and  sufficient  condition  that  equations  (30.1) 
admit  a  solution  is  that  fpk  be  a  vector  such  that  Bm  is  the 
curl  of  the  vector  n  <pt  and  that  there  exist  a  jwsitive  integer 
N  such  that  the  first  N  sets  of  equations  (30.8),  (30.8)'  and 


31.  HOMOGENEOUS  FIRST  INTEGRALS 


83 


(30.8)"  admit  a  complete  system  of  rQ>  1)  sets  of  solutions 
which  satisfy  also  the  (W-f-  \)th  set;  then  the  complete  system 
can  he  chosen  so  that  the  functions  gy  of  each  system  satisfy 
equations  (30.1). 

When  r  =  1,  we  must  add  the  further  condition  |  gy  \  f  0, 
in  order  that  a  given  connection  be  that  of  Weyl.  When 
r  >  1 ,  ordinarily  by  a  suitable  choice  of  the  constants  A  in 
equations  of  the  form  (29.10)  we  can  obtain  a  solution  gy 
for  which  |  gy  \  ^  0  and  thus  have  a  Weyl  geometry.  When 
more  than  one  such  solution  exist,  not  conformal  to  one 
another,  we  have  several  geometries  of  Weyl,  which  have 
the  same  symmetric  connection,  and  consequently  the  same 
paths. 

As  in  §  29  we  have  that  N  and  r  are  invariantive 
numbers  of  Weyl  connections. 

31.  Homogeneous  first  integrals  of  the  equations 
of  the  paths.  If  each  integral  of  the  equations  of  the 
paths  (22.4)  satisfies  the  condition 


(31.1) 


a, 


doc 1 
ds 


dx* 

ds 


dx  m 

—■ —  =  const. , 
ds 


the  equations  (22.4)  are  said  to  admit  a  homogeneous  first 
integral  of  the  with  degree.  From  the  form  of  (31.1)  it  is 
seen  that  there  is  no  loss  of  generality  in  assuming  that 
the  tensor  ar  is  symmetric  in  all  subscripts.  If  we  differ¬ 
entiate  (31.1)  covariantly  with  respect  to  of,  multiply  by 
d  of 

— — ,  sum  for  k  and  make  use  of  the  equations  of  the  paths 

Cl  s 

written  in  the  form 


(31.2) 


dof  ldxl\ 
ds  \  ds ) ,fc 


we  obtain 


(31.3) 


dx  1 
~  ,fs 


d'x'n  dxk 
ds  ds. 


Since  this  equation  must  be  satisfied  identically  (otherwise 
we  should  have  all  the  solutions  of  (22.4)  satisfying  a  differ¬ 
ential  equation  of  the  first  order),  we  must  have 
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(31.4)  p(a>\--rM,k)  =  0, 

where  P  indicates  the  sum  of  m  -f-  1  terms  obtained  by  per¬ 
muting  the  subscripts  cyclically.  Conversely,  if  equations 
(31.4)  are  satisfied,  equations  (31.3)  are  and  the  left-hand 
member  of  (31.1)  is  constant  along  any  path.  (Cf.  §  43). 

In  particular,  if  the  integral  is  of  the  first  degree,  that  is. 

dr1 

on— —  =  const.. 
ds 

the  conditions  (31.4)  are 

+  ajt  i  =  0. 

The  question  of  linear  first  integrals  is  considered  in  §  44. 

We  consider  the  case  when  the  equations  of  the  paths 
admit  a  quadratic  integral,  namely 

/01  dp  dxj  , 

(31-°)  ^  77  77  =  const 

In  this  case  the  conditions  (31.4)  are 

(31.6)  ffij,  k  “t-  £!jk,i  "4"  OtciJ  =  0. 

From  §  29  it  is  seen  that  Riemannian  spaces  are  a  sub-class 
of  spaces  with  symmetric  connection  for  which  a  homogeneous 
quadratic  integral  exists. 

From  (31.6)  we  have 

(31.7)  gij'ki  +  gjk,  a + ffkiji  —  0. 

Interchanging  k  and  l,  we  have 

(31.8)  gv,ik  +  gji,ik  +  gujk  =  o. 

If  we  subtract  from  the  sum  of  these  two  equations  the  sum 
of  the  two  equations  obtained  by  interchanging  i  and  k  and 
j  and  k  in  (31.7),  the  resulting  equation  is  reducible  by 
means  of  (6.4),  (21.3)  and  (21.4)  to 

(31.9)  gij,kl  ffkl,ij  ==  gaj  Blki  "4*  Plkj  gal  Bjik  gka  Bju. 
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If  k  and  l  are  interchanged  and  this  equation  is  subtracted 
from  (31.9),  the  resulting  equation  is  satisfied  because  of 
(6.4).  Thus  we  are  unable  to  solve  equations  of  the  form 
(31.7)  for  each  of  the  quantities  gy,ki.  However,  if  (31.7) 
be  differentiated  covariantly,  we  obtain  equations  which  can 
be  solved  for  gijjdm  and  then  the  further  conditions  of  in- 
tegrability  can  be  obtained  with  the  aid  of  (6.4);  and  the 
determination  of  whether  a  given  space  admits  one  or  more 
quadratic  integrals  is  reducible  to  an  algebraic  problem 
somewhat  after  the  manner  of  §  29,  as  has  been  shown  by 
Yeblen  and  T.  Y.  Thomas.*  Instead  of  developing  this 
question  further  we  consider  the  problem  of  determining 
symmetric  connections  for  which  there  is  a  given  quadratic 
integral,  such  that  the  determinant  g  is  not  zero. 

With  the  aid  of  the  tensor  g y  we  write  the  r' s  in  the 
form  (5.9);  then 

gij,  k  ==  &kij  djki  j 

where 

(31.10)  aMJ  —  gJh  a* ,  a)k  =  gih  ajkh ,  g'h  ghj  =  d'. ; 

we  remark  that  ajk  is  symmetric  in  j  and  k,  as  follows  from 
(5.9).  Hence  the  conditions  (31.6)  become 

(31.11)  a  ijk Cljki dkij  —  0. 

If  ajk  is  any  tensor  symmetric  in  i  and  j  and  we  put 

(31.12)  dijk  ==  2  Cijk  Cikj  Cjki , 

the  condition  (31.11)  is  satisfied.  Hence  if  we  have  any 
tensor  ajk  symmetric  in  i  and  j ,  and  define  a)k  by  (31.10) 
and  (31.12),  then  the  symmetric  connection  given  by  (5.9) 
is  such  that  the  equations  of  the  paths  admit  the  first 
integral  (31.5). 

Conversely,  if  (31.5)  is  satisfied  for  a  given  connection 
and  consequently  a,^  are  given,  the  tensor  ajk  is  not  uniquely 
defined  by  (31.12).  In  fact,  from  (31.11)  it  follows  that 


*  1923,  1,  pp.  599-608. 
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am  =  0  and  consequently  cm  are  arbitrary.  When  two  of 
the  indices  are  the  same,  we  have  from  (31.11)  and  (31.12) 

1  _  _ 

Ciij  Ciji  - —  C)  (luj  —  (liji . 

Consequently  either  one  of  these  c’s  can  be  chosen  arbitrarily 
and  the  other  is  then  determined;  hence  there  are  n(n  —  1) 
arbitrary  choices.  When  all  of  the  indices  are  different 
and  have  given  values,  there  are  two  independent  equations 
(31.12)  for  the  determinination  of  the  c’s  with  these  same 
indices.  Consequently  any  one  may  be  taken  arbitrarily  and 
the  others  are  uniquely  determined.  Hence  we  have: 

A  tensor  gy  for  which  g  f  0  and  a  tensor  cyk,  symmetric- 
in  i  and  j  determine  a  symmetric  connection  for  which  the 
equations  of  the  paths  admit  the  first  integral  (31.5);  con¬ 
versely,  if  a  geometry  of  paths  is  given  whose  equations  admit 
a  first  integral,  n  (n  -f  1)  (n  +  2)/6  of  the  components  cyk  are 
arbitrary  and  the  others  are  uniquely  determined.  ' 

*  Cf.  Eisenhart,  1924,  2,  p.  384. 
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PROJECTIVE  GEOMETRY  OF  PATHS 


32.  Projective  change  of  affine  connection.  The 
Weyl  tensor.  In  §  22  it  was  shown  that  the  paths  are 
the  same  for  two  symmetric  connections  whose  coefficients 
are  in  the  relations 

(32.1)  r%  =  rjk  +  d}xpk-\-dixiJj, 


where  ipi  is  an  arbitrary  covariant  vector.  We  say  that  the 
affine  connection  of  coefficients  r/k  is  obtained  from  that  with 
the  coefficients  r]k  by  a  projective  change  of  the  connection. 
If  we  write  the  equations  of  the  paths  in  the  form 


(32.2) 


d*  xl 
dsi 


.  dxd  dcdc 

+  ritlJ  vr  =  °’ 


analogous  to  (22.4),  we  have  from  these  equations  and  (32.1) 
that  J  is  given  as  a  function  of  s  along  any  path  by 

(32.3)  7  =  cje^^ds. 

For  the  expressions  rjk  the  components  of  the  curvature 
tensor  B)ki,  analogous  to  (21.1),  are  reducible  to 


(32.4)  Bjki  =  Bjkij- S)  (ipuc  —  ip  to)  -f-  $  ipjk — ipji, 
where 

(32.5)  ipjk  =  <pj,k  —  ipj  *pk- 


Contracting  for  i  and  l  and  for  i  and  j,  we  have  (cf.  §  5) 
(32.6)  Bjk  =  Bjk-\-nipjk — <pkj , 


ftkl  - —  flkl  + 
—  ftkl  + 


n  +  1 
2 

n  +  1 


(j'kl - tplk) 

I  d  ipk  _  9  1 pi  \ 
\  dxl  dxk  ) 
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In  §  5  it  was  shown  that  dy  is  the  skew-symmetric  part 
of.  Bij  and  that  it  is  the  curl  of  a  vector  aj2.  Consequently 
if  we  choose 

(32.8) 

where  a  is  an  arbitrary  function  of  the  ar’s,  we  have  dki  =  0. 
Hence  we  have: 

By  a  suitable  projective  change  of  the  affine  connection  the 
tensor  By  for  the  new  connection  is  symmetric  and  the  tensor 
Bljk  is  a  zero  tensor  * 

From  (32.7)  we  have  also: 

When  the  tensor  By  is  symmetric,  a  necessary  and  sufficient 
condition  that  the  tensor  By  for  a  projective  change  of  connection 
be-  symmetric  is  that  fit  be  a  gradient. 

From  equations  (32.6)  and  (32.7)  we  have 

*Pjk  —  n _ i  (BJk  ~~  Bjk)  nt _ |  ifijk  djk)  , 

(32.9)  2 

fjk—fikj  =  (fa-fa)- 

When  these  expressions  are  substituted  in  (32.4),  the  latter 
are  reducible  to 

Wjki  =  Wjki, 

where 

Wjki  =  B)ki  +  -4rr  dJ  *kl  +  — (d'k  B»  ~  $ 

n+1  n — 1 

(32.10) 

4-  ft*1  hk  —  ^ 

Hence  the  tensor  Wjki  is  independent  of  the  vector  rpi,  that 
is,  it  is  unaltered  by  a  projective  change  of  affine  connection. 
It  was  discovered  by  Weylt,  and  was  called  by  him  the 
projective  curvature  tensor.  We  shall  call  it  the  Weyl  tensor. 


*  Eisenhart,  1922,  2,  p.  236. 
11921,  2,  p.  101. 
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Since 

(32.11)  Bij  —  Bji  =  2  fiij , 

equations  (32.10)  can  be  written  in  the  form 

Wja  =  B)kl  +  dj  (Bkl  -  Blk) 

(32.12)  i  ” 

+  4*  +  5V)  -  d\  (n  Bjk  +  Bkj)\ . 

Tt  X 

In  consequence  of  the  identities  (21.3)  and  (21.4)  we  have 
the  identities 

(32.13)  Wjm  +  Wjik  = 0 , 

(32.14)  TFjw  +  Wjdj  +•  Wijk  =  0 . 

Also  from  (32.10)  we  have  by  contraction 

(32.15)  Wtki  =  W%i  =  0. 

If  we  differentiate  (32.10)  covariantly  with  respect  to  the 
rs  and  make  use  of  the  identities  (21.5),  we  obtain 

W}a,m+  Wjim,k+  Wjmktl 

—  ( Bji , m Bjm> l)  +  3) (Bjm, k  —  Bjkl m) 

+  3/n  (Bjk,  l - Bjl,k)] 

+  nt  ^  [3fc  (fijm,  l  —  ftjl,  m)  +  $  (ftjk,  m  —  fijm,  k) 

+  ^m(fijl,k —  fijk,l)] 

Contracting  for  i  and  m,  we  have  in  consequence  of  (32.15), 

(32.16)  Win  =  Bjt,k+-^j^Vjt,*-fijk.i)] 

An  invariant,  such  as  the  Weyl  tensor,  which  is  unaltered 
by  any  projective  change  of  the  affine  connection  is  called 
a  projective  invariant.  By  processes  analogous  to  those  used 
in  §  18  we  establish  the  theorem: 
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If  and  fK)  are  the  components  of  any  ennuplc,  the  tensors 


1 


i  ih  Afi  -jfc 


A(«)j — ^  j  (A(«)Afc  A(«)  Afc  A(/j)  /() 


n  -j- 

nm/  Me  invariants 


'M  a 


n 


are  projective  invariants* 

A  tensor  which  is  not  a  projective  invariant  may,  however, 
be  invariant  under  certain  projective  changes  of  the  connection. 
Thus  from  (32.4)  and  (32.5)  we  derive  the  theorem: 

A  necessary  and  sufficient  condition  that  the  curvature  tensor 
be  unaltered  by  the  projective  change  defined  by  a  vector  xpi  is 
that  the  latter  satisfy  the  condition 


(32.17) 


'PiJ—'PiV’j  —  0. 


This  is  also  a  necessary  and  sufficient  condition  that  the 
tensor  By  is  invariant  under  the  change  A 

Equations  (32.17)  can  be  written  in  the  form 


where 

(32.18) 


djpi 

dxJ 


—  *hi%  =  o. 


4  =  rv  +  \{6}i  'pj  +  &,j  Td- 


Hence  the  space  with  the  affine  connection  defined  by  fy  admits 
a  field  of  parallel  covariant  vectors  ip*  (§11).  Consequently 
the  problem  of  the  theorem  and  that  of  spaces  admitting 
fields  of  parallel  covariant  vectors  are  equivalent. 

Similarly  from  (32.5)  and  (32.6)  we  have: 

A  necessary  and  sufficient  condition  that  the  symmetric  part 
of  the  tensor  By  be  unaltered  by  the  projective  change  defined 
by  a  vector  xpi  is  that 


(32. 1 9)  TiJ  +  Tj, i  —  2  Ti  %  =  04 


*  Cf.  T.  Y.  Thomas,  1925,  10,  p.  319;  also  Levy,  1927,  1,  p.  310. 
t  Cf.  Schouten,  1925,  6,  p.  453;  also,  J.  M.  Thomas,  1926,  8,  62. 

t  Cf.  J.  M.  Thomas,  1926,  8,  p.  62. 
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For  the  affine  connection  defined  by  (32.18)  equations  (32.19) 
become 


ViJ+Vli  =  0 


that  is,  the  equations  of  the  paths  admit  the  linear  first 
dx* 

integral  ipi  =  const.,  where  s  is  defined  by  an  equation 

of  the  form  (32.3)  (cf.  §  43). 

Also  we  have  from  (32.7): 

A  necessary  and  sufficient  condition  that  the  skew-symmetric 
part  of  the  tensor  By,  and  consequently  the  tensor  Bny,  be 
unaltered  by  the  projective  change  defined  by  a  vector  ipi  is 
that  ipi  be  the  gradient  of  an  arbitrary  function. 

The  second  theorem  in  this  section  is  a  corollary  of  the 
above  theorem. 

33.  Affine  normal  codrdinates  under  a  projective 
change  of  connection.  If  we  denote  by  y i  and  yn  the 
affine  normal  coordinates  corresponding  to  the  same  coordinate 
system  xl  for  two  connections  in  the  relation  (32.1),  the 
equations  of  the  paths  through  the  origin  P  in  these  coordinate 
systems  are  given  by  (23.1)  and 


Since  a  projective  change  of  connection  leaves  each  path 
individually  invariant,  it  follows  from  the  above  equations 
of  the  paths  that  along  each  path  yl  is  proportional  to  y\ 
Moreover,  throughout  the  domain  under  consideration  yn  is 
a  function  of  the  y' s.  Consequently  these  functions  must  be 
of  the  form 


(33.1) 


ti 


y 


f 

Ay)  ’ 


where  f{y)  is  a  function  of  the  y' s  regular  in  the  neighbor¬ 
hood  of  the  origin  and  not  vanishing  at  the  origin.  Similarly 
we  have 
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where  f  is  of  similar  character  and  f{y)  ■  f  ( y ')  =  1 ,  because 
of  (33.1)  and  (33.2). 

If  C}k  and  C]k  are  the  respective  coefficients  of  connection 
in  the  y’ s,  we  have 

(33.3)  Cjk  -  Cjk  +  dj  fk  +  4  *Pj  • 


where  i fo  are  the  components  in  the  y' s  of  the  vector  defining 
the  projective  change.  If  Cjk  are  the  coefficients  in  the  y" s 
of  the  second  connection,  we  have  from  equations  of  the 
form  (5.6) 


(33.4) 


/  ay  ,  T,i  _9yi  _9yM  9y/n 

\dy'^  dy’r  J  3  y,/S  3  y'r/  9 V1 


Since  the  yM s  are  normal  coordinates,  we  have  C'pr  y^  y'r  =  0 
(§  23).  In  consequence  of  (33.4)  these  become 


(33.5) 


/r?  dy,a  d*y,a  \ 

\  3 yx  dyj  dykJ 


dvJ  dy* 

3  y'P  3  y'r 


-  0. 


From  (33.2)  we  have 


^4  =  4(4/'- 


3  y 


r 


y 


u 


9f_ 

dyi* 


dyJ  _  y 

3  y'* 


,  9/'  ,fi 


and  from  (33.1) 


3  y 


9  yl 


1  —  ±(a°  “  9/\ 

f  PVf  V  3  y* )  ’ 


98y/c 

3  yj  3  y* 


yiyt  - 


9/' 


Since  the  equation  J  «  y'P  =  q  does  not  admit  a  solution 

9  y 

regular  at  the  origin  and  not  vanishing  there,  and  since 
C)kyi  yk  =  0,  the  equations  (33.5)  are  reducible  to 

(33.6)  i  {f  -  %  +  =  0. 


/  9y' 
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Since  i/'a.-  are  assumed  to  be  regular  at  P,  we  put 

*pk  =  bko  +  biu  if  +  jy  hkiJ  yi  yJ  + 

/  =  i  +  «i  f  +  -|r  av  yl  yJ  +  •  •  • » 

where  without  loss  of  generality  the  «’s  are  symmetric  in 
the  indices  and  the  b’s  in  all  but  the  first.  Substituting  in 

(33.6) ,  we  find  that  cn  =  — bio  and  that  the  other  a’s  are 
uniquely  determined.  Thus  when  ipk  are  given,  the  function  / 
is  determined. 

There  is  also  the  converse  problem  of  giving  /  and  finding 
the  ifi's  from  (33.6).  AVe  consider  in  particular  the  case  when 

(33.7)  f=iJraiyi, 


where  the  a’s  are  constants,  so  that  the  transformation  (33.1) 
is  linear  fractional.  Now  equation  (33.6)  reduces  to 


(33.8) 


yk  *pk  4- 


QjyJ 

1  +  ai  y{ 


=  0. 


Although  this  equation  gives  the  condition  on  the  tp’s  in 
the  y' s,  we  are  interested  in  finding  their  components  in  a 
general  coordinate  system  so  that  we  may  have  a  means 
to  knowing  when  the  case  (33.7)  is  possible.  To  this  end 
we  differentiate  this  equation  with  respect  to  f,  multiply 
by  f  and  sum  for  l\  then  from  the  resulting  equation  and 

(33.8)  we  eliminate  aty1.  This  gives 

(33.9)  =  o, 


which  because  of  the  relation  C)kyi  if  —  0  and  (23.1)  can 
be  written  thus 


dif  df 
ds  ds 


(Vk,i  —  Vkyi)  =  0. 


In  the  general  coordinate  system  a?  corresponding  to  the  y' s 
this  equation  is 
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(1  of 
ds 


dot* 

ds 


(y'k,i--dik'pi)  =  o. 


where  ipk  are  the  components  in  the  x's  of  the  vector  ipk  in 
the  y’s.  If  this  condition  is  to  be  satisfied  at  each  point 
in  space,  it  is  necessary  that 


(33.10)  ip'k,i -\- ipi,k —  2  ipk  ipi  =  0. 


Since  this  is  a  tensor  equation,  if  it  holds  in  one  coordinate 
system,  it  holds  in  all.  Conversely,  if  there  exists  a  vector 
satisfying  (33.10)  for  a  given  space,  and  we  choose  a  normal 
coordinate  system  yi  with  a  given  point  P  for  origin,  equation 
f 33.9)  holds  at  P.  If  we  put 

(33.11)  yk  ipk  +  =  0? 

differentiate  with  respect  to  yl,  multiply  by  yl  and  sum  for  l, 
we  have  in  consequence  of  (33.9) 

yk  n>k  (yl  *pi  + 1) -f  Y~ryl  =  °- 

By  means  of  (33.11)  this  is  reducible  to 

(33.12) 

If  the  function  f  is  regular  at  P,  then  /  =  1  at  P  and 
the  integral  of  (33.12)  satisfying  this  condition  is /=  1  -f  a*  yi. 
From  these  results  and  the  fifth  theorem  of  §  32  we  have: 
In  order  that  the  affine  normal  coordinates  at  every  point 
undergo  a  linear  fractional  transformation  when  the  affine 
connection  undergoes  a  projective  change,  it  is  necessary  and 
sufficient  that  the  symmetric  part  of  the  tensor  By  be  unaltered 
by  the  projective  change .* 

34.  Projectively  flat  spaces.  We  may  interpret  the 
results  of  §  32  as  giving  spaces  with  corresponding  paths. 

*  The  question  of  this  type  of  projective  change  was  raised  by  Veblen, 
1925,  7,  p.  181,  and  the  theorem  was  established,  in  a  different  manner, 
by  J.  M.  Thomas,  1926,  8,  p.  62. 
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Weyl*  has  called  a  space  Vn  projectively  flat  when  its  paths 
have  the  same  equations  as  the  paths  of  a  flat  space  Vn  (§  29). 
This  is  equivalent  to  saying  that  for  Vn  there  exists  a  pre¬ 
ferred  coordinate  system  in  terms  of  which  the  finite  equations 
of  the  paths  are  linear. 

Since  for  Vn  we  have 

(34.1)  B%i  =0.  By  =  0,  fry  =  0, 

it  is  evident  that  a  necessary  condition  that  a  space  be  pro¬ 
jectively  flat  is  that  the  Weyl  tensor  be  zero.  We  shall 
show  that  this  condition  is  also  sufficient,  when  n>  2. 
From  the  first  of  equations  (32.9)  we  have 

(34.2)  <pij  =  i pi  ipj  n~—  1  ^ij  ‘ 

The  conditions  of  integrability  of  these  equations,  namely 

*Pi,  jk  tyi,  kj  *ph  Bijl; . 


are  reducible,  by  means  of  (32.11)  and  the  expression  for 
Bjki  obtained  by  equating  to  zero  the  right-hand  member 
of  (32.10),  to 

(34.3)  Bikt  j  Bjj'k  -f~  ^  |  j  (0jj,k  ftikj)  —  0. 

From  (32.16)  it  follows  that  these  equations  are  a  consequence 
of  the  vanishing  of  the  Weyl  tensor,  when  n>  2,  as  was 
to  be  proved. 

When  n  =  2,  we  have,  because  of  the  identities  (21.3), 

Bn  ==  Bll2,  B\ 2  =  B\2\i  B21  ==  -B212)  B22  ==  B>21‘ 

Hence  from  (32.12)  we  find: 

The  Weyl  tensor  vanishes  identically  when  n  =  2. 
Accordingly  we  have  the  following  theorem  of  Weyl:t 

*  1921,  2,  p.  104. 

1 1921,  2,  p.  105. 
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A  necessary  and  sufficient  condition  that  a  space  Vn  with 
an  affine  connection  he  protectively  fiat  is  that  the  Weyl  tensor 
vanish  when  n~>  2  and  that  equations  (34.3)  be  satisfied  when 
n  =  2. 

From  (32.1)  it  follows  that,  if  a  space  Vn  is  projectively 
flat  and  xi  are  cartesian  coordinates  in  the  projectively  related 
flat  space,  the  coefficients  of  the  affine  connection  in  Vn  are 
given  by 

(34.4)  “  rfk  =  -  (<Jj  Ifjk  -f  di  xpj) . 


Conversely,  the  most  general  projectively  flat  space  is  ob¬ 
tained  by  taking  the  F' s  in  the  form  (34.4),  where  xpj  is  an 
arbitrary  vector. 

When  the  expressions  (34.4)  are  substituted  in  the  equations 
of  the  paths  (22.4),  the  latter  can  be  integrated  in  the  form 


(34.5) 


xl  —  a 1  _  xn  —  an 

w 


the  integral  J  xpk  dofi  being 


taken  along  a  path,  which  result 


is  in  keeping  with  the  remark  at  the  beginning  of  the  section. 

From  (34.2)  it  follows  that  a  necessary  and  sufficient  con¬ 
dition  that  Vn  be  a  projectively  flat  space  for  which  the 
tensor  By  is  symmetric  is  that  xpj  in  (34.4)  be  a  gradient. 


If  we  replace  xpj  in  (34.4)  by 


dip 

dxJ’ 


the  components  of  the 


curvature  tensor  are  expressible  in  the  form 


(34.6) 


dh  9»e* 
f  dxl  d  of 


d\  d‘elP  .) 

dxl  dxJ  I 


Contracting  for  h  and  k,  we  have 


(34.7) 


Bij  =  (1  —  n)  e~* 


do?  dx^ 


From  these  equations  we  have 


(34.8) 


(Sj  Bik-dhk  By}  =  0. 


n  —  1 
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The  left-hand  member  of  this  equation  is  the  expression  for 
Wijk  when  By  is  symmetric,  as  follows  from  (32.10). 

We  consider  now  the  question  of  determining  the  Riemannian 
projectively  flat  spaces,  that  is,  spaces  whose  geodesics  can 
be  put  into  correspondence  with  the  straight  lines  of  a  flat 
space.  In  this  case  Bij  are  symmetric  and  are  in  fact  By, 
the  components  of  the  Ricci  tensor.*  For  w>  2  we  have 
equations  (34.8),  which  are  equivalent  to 

(34.9)  Rhijk  ==  y  ’  ( (Jhj  B{k  f)hk  Bij) . 

When  in  (34.9)  we  put  h  —  i,  we  find  that 

(34.10)  Bij  =  K0(l  —  n)  gij, 

where  K0  is  the  factor  of  proportionality  thus  obtained.  By 
reason  of  (34.10)  equations  (34.9)  are  reducible  to 

(34. 11)  Rhijk  ==  K0  (ffhj  ffik  fjhk  Qij)  • 

Consequently  Vn  for  n  >  2  is  a  space  of  constant  Riemannian 
curvature  K0: 1 

When  n  =  2,  it  follows  from  the  definition  of  By  that 

-^11  _  Bj  2  _  Bj2  _  ^2112 

.9n  9  a  9 

Since  H-mt/g  is  the  Gaussian  curvature  K0  of  the  surface, 
it  follows  that  (34.10)  holds  also  when  n  =  2.  When  we 
apply  the  conditions  (34.3)  to  (34.10),  we  find  that  K0  is 
a  constant.  Hence  we  have: 

A  necessary  and  sufficient  condition  that  a  Riemannian 
space  be  projectively  flat  is  that  its  Riemannian  curvature  be 
constant .| 

From  (34.10)  we  have  for  all  values  of  n,  Rij,k  =  0. 
Conversely,  if  we  have 

*  1926,  l,  p.  21. 
f  1926,  1,  p.  83. 

JWeyl,  1921,  2,  p.  110. 
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(34.12)  Bij  —  Bji,  Bij,  k  —  0, 


ffij  defined  by  (34.10),  where  K0  is  an  arbitrary  constant  is 
such  that  ga,k  =  0.  Hence  we  have: 

A  necesssary  and  sufficient  condition  that  a  projectively  flat 
space  be  Riemanman  is  that  (34.12)  be  satisfied. 

In  the  coordinate  system  for  which  Ry  takes  the  form 
(34.7)  we  have  from  .(34.10) 


(34.13) 


K0  dxl  dx-i 


From  this  expression  and  (34.4)  in  which  xpj  — 
that  the  conditions  gij<k  =  0  are  reducible  to 

9  a:1  dxi  dxk 

Consequently 

(34. 14)  e2'^  =  Oij  xl  xi  -(-  2  bi  xl  -j-  c , 


9  xp 

~~~r  it  follows 

dxJ 


where  the  a’s,  6’s  and  c  are  constants. 

35.  Coefficients  of  a  projective  connection.  From 
equations  (32.1)  we  have 

(35.1)  rl  =  rik  +  (nfll)ipk, 


from  which  and  (32.1)  we  find  that  the  quantities 

(35.2)  njk  =  rjk— (d)  r£k  +  di  rift 

are  independent  of  a  projective  change  of  affine  connection.* 
AVe  call  Jjjk  the  coefficients  of  a  projective  connection. 

In  order  to  find  the  relations  between  the  functions  fJjk 
and  the  analogous  functions  Tl'fi  in  a  coordinate  system  xn , 
we  remark  that  from  equations  of  the  form  (5.6)  we  have 


(35.3) 


r*. 

1  V 


r,cc  dx'P  9  log  A 
“ *  dx-i  +  dx-i  ’ 


*  Cf.  T.  Y.  Thomas,  1925,  2,  p.  200. 
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where  A  is  the  jacobian  of  the  transformation,  that  is, 
(35.4)  A  = 


dx 

dx-> 


Then  from  (35.2)  and  analogous  expression  for  JJpy  and 
from  (5.6)  and  (35.3)  we  obtain 


d2x 


ta 


(35.5) 


dx1  dxJ 


ni 


dx 


ia 


dx h 


TTt 


t<x 

Pr 


dx'P  dxr 


dx1 


r  + 


dxa  dd 


dxJ  dxJ  d  xl 

+ 


dxa  dd 


dx1  dxJ 


where  for  the  sake  of  brevity  we  have  put 

1 


(35.6) 


e  = 


log  A  • 


n  +  1 

When  we  express  the  conditions  of  integrability  of  equations 
(35.5),  we  obtain 

7x  jjh  _  jj/cc  dxh  dx'?  dxr  dx8 
(3o.  ( )  l*ijk  ftyo 

where 


dx,a  dxi 


dx*  dxk 


vh  |  v/i 

dj  Cilc  i  Ofc  Cij, 


r  h 


(35.8)  /7&  =  -j-  -  +  n\k  n\)  -  n\}  nl 

and 


(35  9)  r  •  =  nh  d-°  + 

tdo.yj  Ctj  v  djh  -t  dxi  dxj 


d*e 

d  xl  d  xJ 


Contracting  (35.7)  for  h  and  k,  we  have 


(35.10) 


<‘ij 


1 

n —  1 


nu—m 4 


dx'P  dx'r 


Pr 


dx 1  d  xJ 


where  by  definition 
(35.11) 


n<s  =  nl*.. 


When  the  expressions  (35.10)  are  substituted  in  (35.7), 
we  have 

wh  W'“  dxh  dx ^  dx'r  dx'd 

WiJk  = 


dx 


ret 


dx1  d  xJ 


dx^  ’ 
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(35.1 2)  Wijk  =  nljk  +  (tij  nik— dhk  r/ij) . 
From  (35.8)  and  (35.2)  we  have 

(35.13)  n*jk  =  B^k  +  (2  d?  ftJk—dhk  Ay  +  djl  Aik), 


where  by  definition 


.  _  9  Ki 

iJ  ~  dx.j 


and  from  (35.13) 


(35.14)  nl}  =  Bij  -  Yqry- 1 2*v  +  (n  ~  D  Aul 


When  these  expressions  are  substituted  in  (35.12),  it  is  found 
that  W^k  so  defined  are  the  components  of  the  Weyl  tensor 
(32.10).* 

Substituting  the  expression  (35.10)  for  aj  in  (35.9),  we  obtain 


(35.15) 


2  „-e 


d*e 


dxl  dxJ 


=  m, 


i  9  e' 


,-e 


t.  rr _ i  e  6  In  n'  dx'fl  dx'T\ 

tJ  dx1  +  n—  1  \v  ?r  9a:2  9 xjl' 


Expressing  the  condition  of  integrability  of  these  equations, 
we  obtain 

,OK  TT  _  TT>  dX'a  dX>/)  dX'T  I  /I  \  TJ  A  90 

(35.16)  nijk  —  llafr  dxi  aw-  +(!  w)Wyk-fl-;, 


9  a:^  9  a^ 


9  a7 


where 


(35.17)  nijk  =  +  nij  thk—njk  ntj. 


dllik 


dx?c 


dxJ 


36.  The  equivalence  of  projective  connections.  If 
we  put 


(36.1) 


o  Jas 
OX  * 


9  X 


T  —  ui > 


90 
9  a? 


= 


•  Cf.  J.  M.  Thomas,  1925,  3,  p.  208. 
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equations  (35.5)  and  (35.15)  become 

17 fir  ui  uj  +  9t  +  ui  <Pj, 


(36.2) 


3 

X 

3  xJ 
3  xJ 


=  nh 

V  h 


1 


=  9i  9j  +  17 iJ  9i  +  JZZjjj  ( nij  —  17 fir  ui  up>  • 


These  equations  together  with  the  functional  relation  (35.6) 
must  admit  a  solution  for  given  expressions  of  77 ]k  and  77^  in 
the  x's  and  a/’s  respectively,  if  the  two  projective  connections 
so  defined  are  to  be  equivalent.  From  the  preceding  results 
it  follows  that  the  conditions  of  integrability  of  these 
equations  are 
(36.3) 


Wh  ua 

ryijk  ah 


w'a 

fir* 


ui  uj  ui 


(36.4) 


n 


ijk 


Ui  Uj  Uk 


(1  —n)WjJk  <pr 


If  we  denote  by  u\  the  cofactor  of  u\  in  the  jacobian  |  u\  \ 
divided  by  the  jacobian,  we  have  from  (35.6) 


30 

3  xJ 


n  -f-  1 


u. 


3< 

3  x-i 


which  is  satisfied  identically  because  of  (36.1)  and  (36.2). 

If  we  differentiate  equations  (36.3)  with  respect  to  cd,  the 
resulting  equations  are  reducible  by  means  of  (36.2)  and 
(36.3)  to 


(36.5) 


nh  ( w!jk\i  —  2  Wjjk  (pi 


■  Wijk  y>i  —  Wuic  <fj  —  Wiji  n) 


+  =Wfir*\, 


where  W^jk\i  denotes  the  projective  derivative  of  Wijk,  that  is, 
the  covariant  derivative  with  respect  to  the  77 we  remark 
that  the  projective  derivative  of  a  tensor  is  not  in  general 
a  tensor.  In  this  notation  equations  (35.17)  may  be  written 
in  the  form 

(36.6)  77 ^k  =  77ij\k  —  77ik\j. 

We  observe  from  (35.12)  and  (32.10)  that  w'jk  is  of  the 
same  form  in  77 jk  as  it  is  in  r]k,  when  the  tensor  Bij  is 
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symmetric.  Since  (32.16)  follows  formally  from  (32.10),  we 
have  from  (35.12)  and  (36.6) 

(36.7)  Wlijm  =  nijk. 

W  1 

If  we  multiply  (36.5)  by  ula  and  sum  for  «  and  l,  we  obtain 

»&*  +  <« -*)  wlj^-  =  w'^W 

When  w>  2,  these  equations  are  reducible  by  means  of  (36.7) 
to  (36.4).  Consequently  in  applying  the  results  of  §  8  we  denote 
by  Fi  equations  (36.3)  and  proceed  with  these  equations  to 
get  the  sequence  F2,  F3,  •  •  •  of  derived  sets.  Hence  we  have: 

A  necessary  and  sufficient  condition  that  two  projective  con¬ 
nections  for  n  >  2  he  equivalent  is  that  there  exist  a  positive 
integer  N,  such  that  equations  (35.6)  and  the  sets  of  equations 
F i ,  •••,  Fn  are  compatible  in  0,  x'1  and  <fi  as  functions 

of  the  x’s,  and  that  the  ( N  -)-  1  )th  set  is  satisfied  in  consequence 
of  the  preceding  ones.* 

When  n  =  2,  Wgk  vanishes  identically  (§  34).  The  above 
theorem  applies  to  this  case  with  the  understanding  that  the 
sets  F\,  •  ••,  Fn  consist  of  (36.4)  and  the  derived  equations. 

As  in  §  28  it  can  be  shown  that  N  is  an  invariantive 
number  for  all  manifolds  with  the  same  projective  connection, 
and  likewise  p,  where  (w-f  1)*  —  p  is  the  number  of  inde¬ 
pendent  equations  in  the  sets  F0,  ••*,  Fn. 

When  w>2,  the  Weyl  tensor  and  its  first,  •••,  Arth 
(W<  (w  +  l)2)  projective  derivatives  form  a  complete  system 
of  projective  invariants  (§  28)  for  the  manifold.  When  n  —  2, 
the  functions  Ilyk  and  their  first,  •  •  •,  ATh  (N <  9)  projective 
derivatives  form  a  complete  system. 

Another  interpretation  can  be  given  to  the  preceding  results. 
Thus  let  ffjk  be  the  coefficients  of  projective  connection  of 
a  manifold  Vn  in  coordinates  xi  and  similarly  Ilf  in  any 
other  coordinate  system  xl,  the  equations  of  the  trans¬ 
formation  being 

(36.8)  xn  =  <?*  (x1,  •  •  • ,  x n). 


*  Cf.  Veblen  and  J.  M.  Thomas,  1926,  6,  pp.  288,  290. 
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We  consider  an  associated  manifold  *Fn4-i,  of  coordinates 
x°,  x1,  ■  ■■,xn  and  in  the  x’s  define  a  set  of  functions  *r£y 
in  *Vn+i  by 


(36.9) 


*r}k  =  Jl)u, 


ru  _ 

1  op  —  — 


l 

T+T6*’ 


* 

1  ij 


l  —  n  tJ’ 


where  greek  indices  take  the  values  0,  1,  •••,  n  and  latin 
1,  •  ■  •,  n.  For  the  transformation  in  *Vn+i  defined  by  (36.8) 
and 

(36.10)  x'°  =  x°  -)-  log  A , 


where  A  is  given  by  (35.4),  we  find  that  the  coefficients  (36.9) 
and  similar  expressions  in  the  x’s  satisfy  the  relations 


(36.11)  */>“r  = 


dxa  I  d'x'V  . 
9  X'Q  \  dxP  dxY 


to 


<r,o  ?>X 

aT  dxP 


dx'T\ 
3  x?  1 


In  fact,  when  a,j3,y  take  the  values  1,  •••,«,  equations 

(36.11)  reduce  to  (35.5);  when  j8  or  y  =  0,  the  equations 
are  satisfied  identically;  and  when  «  =  0,  and  0  and  y  take 
values  1  to  n,  the  equations  reduce  to  (35.15).  Thus  the 
problem  of  equivalence  of  projective  connections  is  reducible 
to  a  restricted  problem  for  affine  connections,  as  shown  by 
T.  Y.  Thomas.t 

In  order  to  consider  the  problem  more  fully  from  this  point 
of  view,  we  denote  by  *Bapy$  the  curvature  tensor  formed 
with  respect  to  the  */” s.  In  consequence  of  (35.12)  and 
(35.17)  we  have 

*B%i  =  Wja,  *Bjik  =  IIjui 

and  that  all  the  other  *B’ s  vanish  identically.  If  we  take 
the  functions  so  defined  and  apply  the  reasoning  of  §  28, 
equations  of  the  form  (28.2)  (interchanging  x’s  and  a/’s) 
become 

(36.12)  Wju  u{  +  TJj,a  ul  =  W£qr  vvj  u{  u\, 


1  1926,  10. 
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(36.13)  njkl  «0  4-  UhWjia  =  n'pqr  UJ  ui  Ui, 

(36. 14)  Wjkl  uJQuaulT  =  0,  njkl  ui  Ua  ulr  =  0, 


where  one  or  more  of  the  indices  q,  a,  x  is  0. 

For  the  relations  (36.8)  and  (36.10)  between  the  coordinates, 
equations  (36.12)  and  (36.13)  reduce  to  (36.3)  and  (36.4) 
respectively,  and  (36.14)  are  satisfied  identically. 

37.  Normal  affine  connection.  If  for  a  given  affine 
connection  and  a  given  coordinate  system  we  choose  for  the 
components  V't  of  a  projective  change  the  values  —/*/(»+ 1), 
it  follows  from  (35.1)  that  the  coefficients  of  the  new  connection 
satisfy  the  conditions  rki  =  0.  We  call  this  uniquely 
determined  connection  the  normal  affine  connection  for  the 
given  coordinate  system.*  Hence  we  have: 

Among  all  the  affine  connections  with  the  same  projective 
connection  there  is  a  unique  normal  affine  connection  for  any 
coordinate  system. 

From  (5.8)  it  follows  that  By  is  symmetric  for  a  normal 
connection.  Conversely,  if  Bij  is  symmetric  for  an  affine 
connection,  we  have  from  (5.8)  in  any  coordinate  system 


(37.1) 

If  we  put 


dl%  _  dThk 

dfic  3  xj 


d  y> 
dxl 


these  equations  are  completely  integrable  in  consequence  of 

(37.1) .  When  we  define  a  coordinate  system  xn  by  the 

equations 

(37.2)  x ,l  =J*e<rgx1,  x'a  =  x°  (a  =  2,  •••,«), 
we  have  for  the  jacobian  of  the  transformation 


A 


Q  /* 

dx 

dx-i 


=  e** . 


*  This  definition  is  equivalent  to  that  adopted  by  Cartan,  1924,  3. 
p.  223,  as  pointed  out  by  J.  M.  Thomas,  1926,  3,  p.  664. 
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Consequently 

9  log  A  _  d  <p  h_ 

dxj  dxj  hJ 

and  from  (35.3)  we  obtain  l'y  =  0.  Hence  we  have: 

A  necessary  and  sufficient  condition  that  there  exist  far  a 
given  affine  connection  a  coordinate  system  xl  with  respect  to 
which  the  connection  is  normal,  that  is 

(37.3)  r}j  =  0, 

is  that  the  tensor  By  be  symmetric.* 

Furthermore  we  have  from  (35.3): 

The  normal  affine  connection  for  a  given  coordinate  system 
is  the  normal  connection  for  all  coordinate  systems  obtained 
from  the  given  one  by  transformations  of  constant  jacobian 
and  only  for  these. 

When  equations  (37.3)  hold,  we  have  from  (35.2)  for  the 
normal  connection 

(37.4)  njjc  =  rjk. 

Then  from  (35.8)  we  have  IJyk  =  Byk  and  from  (35.14) 
TJy  =  By.  Hence  the  equations  (35.12)  become 

(37.5)  Wyk  =  Byk  +  (fi  Blk - dhk  By) . 

Since  this  is  the  form  which  (32.10)  assumes  for  a  space 
when  By  is  symmetric,  we  have  thus  another  proof  that  the 
tensor  defined  by  (35.12)  is  the  Weyl  tensor. 

The  first  theorem  of  this  section  is  a  corollary  of  the 
theorem : 

Each  of  the  affine  connections  with  a  given  projective  con¬ 
nection  is  uniquely  determined  by  the  values  of  l'y . 

In  fact,  from  (35.2)  it  is  seen  that  the  coefficients  of 
a  projective  connection  must  satisfy  the  conditions 

(37.6)  Tly  —  0. 

*  Cf.  Cartan,  1924,  3,  p.  225  and  J.  M.  Thomas,  1926,  3,  p.  665. 
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From  (35.2)  it  is  seen  also  that  when  rpj  are  given,  rjk  are 
uniquely  determined,  and  furthermore  that  the  corresponding 
functions  rjj  are  equal  to  the  given  values  of  these  functions. 

38.  Projective  parameters  of  a  path.  When  the  ex¬ 
pressions  for  rki  are  obtained  from  equations  of  the  form 
(35.2)  and  substituted  in  the  equations  of  the  paths  (7.6), 
the  latter  become 

dx->  ld2xl  ,  i  dx^  dx1  \ 

dt  \  dt2  kl  dt  dt  J 

(38.1) 


dx1 
d  t 


d2x-> 
dt 2 


+  II k 


dx* 

d.11  \ 

d  t 

dt  1 

0, 


Consequently  along  any  path  we  have 


(38.2) 


d2  xl  .  i  dxk  dx1  dx* 

dt2  H  dt  dt  dt  ' 


where  ip  is  a  determinate  function  of  t  If  we  define 
a  parameter  p,  to  within  an  additive  constant,  by  the  equation 

/on  dP  |W 

(38.3)  — y  —  a  eJ  , 

(t  C 

where  a  is  an  arbitrary  constant,  equations  (38.2)  become 


(38.4) 


d2xl  .  i  dxJ  dx* 
dp2  jk  dp  dp 


From  the  form  of  these  equations  it  follows  that  the  para¬ 
meter  p  is  not  altered  by  a  change  of  projective  connection. 
It  has  been  called  a  projective  parameter  of  the  path  by 
T.  Y.  Thomas  who  established  its  existence.* 

From  equations  (38.2)  and  (22.2)  we  have  for  a  path  in 
consequence  of  (35.2) 


ip  =  <p  — 


2  h  dxJ 
n  +  1  dt 


Consequently  by  means  of  (38.3)  and  (22.3)  we  find  the 
following  relation  between  projective  and  affine  parameters 
of  a  path: 

*  1925,  2,  p.  200;  cf.  also  Veblen  and  J.  M.  Thomas ,  1925,  4,  p.  205. 
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(38.5) 


=  b 


/• 


n+ 1 


Sr‘ 


to- ’ 


ds, 


where  6  is  an  arbitrary  constant;  in  the  integral  on  the 
right  it  is  understood  that  the  Fs  are  expressed  in  terms  of  s. 

If  we  make  use  of  equations  (35.3)  and  denote  by  p'  the 
parameter  defined  by  (38.5)  for  a  coordinate  system  xa  we 
obtain  the  relation 


(38.6) 


dp 

dp 


b 

2 

An+1 


where  &  is  a  constant.  Consequently  when  we  speak  of 
a  projective  parameter  it  is  associated  with  a  particular 
coordinate  system;*  in  this  respect  it  is  different  from  the 
affine  parameter  s  (§  22). 

From  the  form  of  equations  (38.5)  and  the  results  of  §  37 
we  have: 

A  projective  parameter  p  for  a  coordinate  system  xl  is  an 
affine  parameter  of  the  paths  for  the  normal  connection  for 
the  x’s. 

When  xpu  in  (32.1)  are  the  components  of  the  gradient  of 
a  function  ip,  equation  (32.3)  becomes 


In  consequence  of  the  results  at  the  close  of  §  37  the  above 
results  are  consistent  with  equation  (38.6). 

39.  Coefficients  of  a  projective  connection  as  tensors. 
It  is  seen  from  equations  (5.6)  that  the  coefficients  of  an  affine 
connection  are  components  of  a  tensor  for  affine  transformations 
of  coordinates,  that  is, 

x'1  —  aj  xj  -j-  bl , 

where  the  a’s  and  V s  are  constant,  and  only  for  such  trans¬ 
formations. 

*  Cf.  T.  Y.  Thomas ,  1925,  2,  p.  201. 
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We  seek  the  types  of  transformation  for  which  the  co¬ 
efficients  of  a  projective  connection  are  components.of  a  tensor. 
From  (35.5)  it  follows  that  in  this  case  we  must  have 


(39.1) 


8Vg  =  dx'a  dd  fix'*  9  0 

3  xl  8  xJ  d  xJ  d  x'  8  xl  3  xJ 


Expressing  the  conditions  of  integrability  of  these  equations, 
we  have 

dx'a  I  32  d  _  d^_  3  0  \ 

3  xk  \  3  xi  3  xi  dxl  3  aV  / 


O  fCC 

dx 

i  3  2d 

3  d 

dd 

3  x-i 

\  3  xl  3 

3  x} 

3  xk 

=  0, 


which,  since  they  must  hold  for  a  —  1,  n,  are  equivalent  to 

32  d  dd  dd  _ 

3  xl  3  xJ  3  xl  3  x-i 


The  integral  of  these  equations  is 
(39.2)  c~e  =  akx/‘-\-h, 


where  h  and  the  a’s  are  arbitrary  constants.  When  this 
expression  is  substituted  in  (39.1),  the  resulting  equations 
can  be  written  in  the  form 


3 

3  xi 


(die  zk  +  h) 


doT] 

dxi  J 


_  I  +  o-i 


dx 


/a 


d  xJ 


=  0, 


of  which  the  first  integral  is 


(ak  xk  -f  h ) 


3  x 


fCC 


I 

-f -  at  x  = 


0  X1 


a 

Ci, 


where  the  c’s  are  arbitrary  constants, 
we  have 


dj  xJ  -f  da 
a  it  4 ~h  ’ 


Integrating  again, 


the  dC s  being  arbitrary  constants.  The  jacobian  of  this 
transformation  is 
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(39.4) 


3  x 

Tj? 


{flu  xk  -j-  h)n~t  1 


dl 

A 


dn 


* 


( 


.11 

n 


This  result  is  in  keeping  with  (39.2)  and  (35.6),  when  it 
is  observed  that  in  (35.6)  A  may  be  replaced  by  cA,  where  c 
is  any  constant  without  altering  (35.5).  Hence  we  have: 

The  coefficients  of  a  projective  connection  are  components 
of  a  tensor  under  linear  fractional  transformations  of  the 
coordinates  and  under  these  alone .t 

If  there  exists  a  coordinate  system  for  a  given  space  for 
which  the  coefficients  of  the  projective  connection  Ilf  are 
zero,  the  space  is  projectively  flat,  as  follows  from  (35.12). 
Conversely,  when  the  coordinate  system  of  a  projectively  flat 
space  is  such  that  the  /  ”s  are  given  by  (34.4),  then  Ilf  =  0. 
Hence  we  have: 

A  necessary  and  sufficient  condition  that  a  space  admit  a 
coordinate  system  for  which  its  coefficients  of  projective  con¬ 
nection  are  zero  is  that  it  be  projectively  flat. 

When  the  coordinate  system  is  such  that  Ilf  =  0,  the 
most  general  transformation  of  coordinates  such  that  ll'jjf  —  0 
is  any  which  satisfies  equations  (39.1).  Hence  we  have: 

When  the  coordinate  system  of  a  projectively  fiat  space  is 
such  that  the  coefficients  of  the  projective  connection  are  zero, 
the  most  general  transformation  of  coordinates  preserving  this 
property  is  linear  fractional. 

From  (38.4)  it  follows  that  in  these  coordinate  systems 
the  equations  of  the  paths  are 

/  i  i  j  i  ii  _  ti  t  i  7  ti 

x'  —  a'  p  +  b',  x  =  a  p  -f-  b  , 


where  the  a’s  and  b’ s  are  constants. 

When  nf  =  0,  it  follows  from  (35.2)  that 

(39.5)  rf  =  0  (i*j,i  ■**') 


*Cf.  Kowalewski,  1909,  2,  p.  84;  Fine,  1905,  1,  p.  505. 
f  Cf.  Veblen  and  J.  M.  Thomas,  1926,  6,  p.  284. 
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and  that 

rlj  =  -jT  r£j  (1  +  aj) , 

where  i  is  not  summed.  Hence  we  have  in  general 


(39.6)  rh  =  9J(  i-Mj), 

where  i  and  j  are  not  summed  and  —  — p—  7^.  Con- 

n  +  1 

versely,  the  expressions  (39.5)  and  (39.6),  in  which  < pi  are 
arbitrary  functions,  define  the  most  general  coefficients  of 
affine  connection  for  which  n)k  —  0. 

40.  Projective  coordinates.  Let  P  be  the  point  of 
coordinates  xl  and  consider  the  transformation  of  coordinates 
defined  by 

(40.1)  X i  =  x’o  x'C! - ~  (TI  ct[i)p  Xa  +  if  *, 


where  f  are  any  functions  of  the  xr,s  such  that  they  and 
their  first  and  second  derivatives  are  zero  when  the  x's  are 
zero,  and  (llap)p  indicates  the  value  of  TJlap  at  P.  From 
(40.1)  we  have 


(40.2) 


dx1 


dx 


/« 


5«, 


/  d2  xi  \ 

'  dx'a  dx'^  '  p 


-  (Kp)p. 


|  dxl  1 

If  A  denotes  the  jacobian  t  7a  ,  it  follows  that 

I  ox 


(40.3) 


9  log  A  \ 

d  x ^  '  p 


i  92  xl  dx,a  \ 

'  dx'a  dx'P  dx1  1  p 


—Wp)P  =  o, 


in  consequence  of  (37.6).  Therefore  if  we  substitute  these 
values  in  equations  obtained  from  (35.5)  by  interchanging 
the  ;Fs  and  x's,  we  obtain 

(40.4)  (nfiap)p  =  0. 

Hence  we  have: 

When  a  transformation  of  coordinates  of  the  form  (40.1) 
is  effected,  the  coefficients  of  projective  connection  in  the  x's 
are  zero  at  the  point  P  of  coordinates  x’0. 
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We  call  the  coordinates  x'a  projective  coordinates. 

A  particular  system  of  projective  coordinates  is  obtained, 
when  we  proceed  with  equations  (38.4)  in  a  manner  analogous 
to  that  which  yielded  affine  normal  coordinates  in  §  23.  In 
this  case  the  equations  of  the  paths  through  the  point  P  of 
coordinates  x\  are 


(40.5) 


yi 


where  p  is  the  projective  parameter  for  the  a?’s,  and  the 
equations  of  transformation  of  coordinates  are 


=  3  o + y‘ 


(njk)p  vJyk 


(40.6) 


3j  (I7j1jij5)PyJl yhyh  +  •  • 


where  nf...jr  are  the  same  expressions  in  the  /7’s  as  (22.8) 
are  in  the  P$. 

If  we  denote  by  n/k  the  /7’s  in  the  y’s,  we  have  from 
(40.5)  and  the  equations  of  the  form  (38.1)  in  the  y’s  that 
the  equations 

(40.7)  {ntityj  —  nil  y1)  yy  =  0 


must  hold  throughout  the  domain  for  which  equations  (40.6) 
define  a  transformation  of  coordinates. 

From  the  theorem  of  §  38  it  follows  that  the  y’s  as 
defined  by  (40.5)  are  the  affine  normal  coordinates  corresponding 
to  the  a?’s  for  the  space  with  normal  connection  for  the  Ps. 
Moreover,  equations  (40.7)  follow  from  (23.6)  and  equations 
of  the  form  (35.2)  for  77^. 

41.  Projective  normal  coordinates.  We  have  remarked 
that  p  in  (40.5)  is  the  projective  parameter  for  the  Ps  and 
not  for  the  y’s.  We  seek  a  system  of  coordinates  2*  such 
that  the  equations  of  the  paths  through  P  (x*0)  shall  be 


(41.1) 


zl  — 
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where  p  is  the  projective  parameter  for  the  z’s.  Moreover, 
we  require  that  the  z’s  be  projective  coordinates,  that  is, 

(41 .2)  jc*  =  a?*  +  z*  —  y  (Hjjp  z-'zM - , 

where  the  terms  of  order  higher  than  the  second  are  as  yet 
undetermined.  From  (40.6)  and  (41.2)  we  have 


When  the  expressions  (41.1)  are  substituted  in  equations 
of  the  form  (38.4),  we  have 

(41.4)  PjkzJzk  =  0, 


the  P’s  being  coefficients  of  projective  connection  in  the  z’s. 
In  order  that  there  may  exist  a  transformation  of  the  p’s, 
defined  by  (40.6),  into  z’s  such  that  (41.4)  hold,  we  must  have 


TrX  3  <2* 


d*z 


+ 


dzh  dd  ,  dzh  dd 


+ 


d  y'  dyj  dy*  dyj  d  d  y*  dy 


dd  \ 
dyjj 


X 


0  yj  0  yk 


dzP  dz* 
as  follows  from  (35.5),  where 

1 


zp  z*  =  o, 


(41.5) 


0  =  — 


n  +  1 


logd, 


A  = 


dy* 

dzJ 


The  above  equations  may  be  written  in  the  form 


(4i.6)  (a4£4£+ 


3  V 


dzP  d& 


dzP  dtfl 


+  2 


dd  0  y* 


dzP  difl 


j  zP  z«  =  0.. 


Since  equations  (40.5)  and  (41.1)  define  the  same  paths,  it 
follows  that  the  transformation  is  of  the  form  (cf.  §  33) 

(41.7)  y*  = 

SP 

where  y  is  a  function  whose  expansion  must  be  of  the  form 


(41.8)  y  =  1  Oij  z' zJ •••, 
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in  order  that  (40.6)  and  (41.2)  be  consistent.  From  (41.7) 
we  have 

dyl  1  (  xi  i  dy 


(41.9) 


which  are  consistent  with  (41.3),  in  consequence  of  (41.8). 
Accordingly  we  have 


dy1  ,  zx  . 
---~T  ZJ  =  —a  9 
3  ZJ  y2 


3  (p 


d  ZJ 


T  ZJ 


9 2  if 


dz-i  d  zk 


zj  zk 


AL 

<Pa  L 9  dzj  dz* 


and 

(41.10) 


A  = 


9 


2  n 


t  i  \ 

<pdj  - z 


+  2 


i  3  (p 

3  zJ 


(' 


3  <p 


3  zJ 


r  zJ 


dzk 


9 


1_ 

n+l 


Consequently 


3  (p 

3 

9 

3  z1 

3  2w 

l 

2 

£ 

...  d* 

n 

Z 

*n 

0 1 

...  d* 

fpn+i  l? 


3  < jp 


3  zJ 


TzJ 


0  =  log  (p 


n  + 


fT10*  (»-++)’ 

3*5P 


1 


3  6  =  1  _dy_  .  n  +  l  3  2->  32* 

5P  3  2*  __  3  <p  ^ 


ZJ  zk 


32* 


32’ 


TZ 


When  these  expressions  are  substituted  in  (41.6),  we  obtain 


(4i.il)  n%ZJ*L 


(*~M+T 


1  — n 


z»  tZ-rzl? 


+  n  32j  3  + 


0. 


We  remark  that  from  (41.7)  it  follows  that 

njkzizk  =  njk  y*  yk 
2*  <p  yx 

*  Cf.  Kowalew8ki,  1909,  2,  p.  84;  Fine,  1905,  1,  p.  505. 
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and  from  (40.7)  that  the  value  of  the  right-hand  member  is 
the  same  for  each  i,  it  being  understood  that  i  is  not  summed. 
From  the  form  of  equation  (41.11)  it  is  evident  that  it  admits 
a  solution  of  the  form  (41.8),  and  thus  there  exists  a  pro¬ 
jective  coordinate  system  z*  associated  with  a  given  coordinate 
system  x\  for  which  the  equations  of  the  paths  through 
P(x o)  are  of  the  form  (41.1),  p  being  the  projective  parameter 
for  the  z' s.  Following  Veblen  and  J.  M.  Thomas,*  who 
established  their  existence  in  a  different  manner,  we  call 
them  projective  normal  coordinates. 

If  instead  of  starting  with  a  coordinate  system  x{  we  had 
used  another  general  coordinate  System  x\  we  should  have 
obtained  another  projective  normal  coordinate  system  z'1.  Then 
in  place  of  (41.1)  and  by  means  of  (41.1)  we  have 


(41.12) 


dz'l\  /  d zn  dz-i  dp  \ 

dp']  oP  \3  zj  dp  dp’JoJ> 


i  zJ 

aj —  p 

P 


where  p  and  p'  are  projective  parameters  for  the  respective 
coordinates  z*  and  z'\  and  in  consequence  of  (38.6)  we  have 


1 


2 


Between  the  z' s  and  zn s  we  have  a  relation  of  the  form 
(41.13) 

9  (z) 

as  follows  from  (41.12),  where 

p  (p  ( z ) 


Differentiating  with  respect  to  p  and  making  use  of  (41.1), 
we  have 

♦  1925,  4,  p.  205. 
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<r 


2 


2 

I  r.}  I  »+ 1 
I  'V  I 


dp' 

dp 


dzk  " 


By  the  method  used  in  (41.10)  we  find  for  the  jacobian  of 
the  transformation  (41.13) 


o  /I 
0  2 

"aV 


l 

f/)n+1 


aj 


Substituting  in  the  preceding  equation,  we  obtain,  in  conse¬ 
quence  of  (38.6), 


1  —71 

1-t -n 

=  i. 


We  must  find  the  solution  of  this  equation  such  that 

0  2^' 
dzj 


aj\ 


consequently  we  must  have  (<f)p  =  1 , 


\-~r |  =  cii,  where  ai  are  constants.  The  unique  solution 
\0  2Vp 

of  this  equation  satisfying  these  conditions  is  <p{z)  —  1  -f  ■ 
Hence  we  have: 

When  the  coordinates  xl  of  a  space  undergo  a  general  trans¬ 
formation,  the  projective  normal  coordinates  at  a  point  P 
associated  with  the  x’s  undergo  a  linear  fractional  transformation 


(41.14) 


li 


2 


ajzl 

1  +  ak  zk  ' 


From  (41.3)  and  analogous  expressions  in  the  primes  and 
from  (41.14)  we  have 

dzi  _  dx'1  _  /  dz,i\  _  i 

dxJ  ■dz'i  J’  \  dzi  Ip  Uj  ’ 

and  consequently 

<41'15)  (H r)p=“/- 

•  This  result  has  been  established  in  a  different  manner  by  Veblen  and 
J.  M.  Thomas ,  1925,  4,  p.  206. 
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Also  from  the  law  of  multiplication  of  jacobians,  from  equations 
of  the  form  (40.3)  for  transformations  of  the  form  (40.1) 
and  from  (41.13)  we  have 


(41.16) 


/  a  . 

dxd 

\  i  9  i 

a7i  \ 

\  ^ log 

dxJ 

)p“  I  9^  l0g 

a  gJ  l 

—  (n-fl)afc. 


Consequently  equations  (41.15)  and  (41.16)  give  the  significance 
of  the  constants  in  (41.14)  and  the  original  transformation 
in  the  x's  and  x’s. 

42.  Significance  of  a  projective  change  of  affine 
connection.  In  consequence  of  equations  (40.2),  (40.3) 
and  (35.3)  we  have  for  any  system  of  projective  coordinates 
associated  with  a  coordinate  system  xi  and  with  P{x\)  for 
origin 

(42.1)  (rjj)P  =  ( di)p , 

where  Cjk  are  the  coefficients  of  affine  connection  in  these 
projective  coordinates.  Suppose  that  the  latter  are  the  pro¬ 
jective  normal  coordinates  zi  associated  with  the  x’s.  If  we 
introduce  homogeneous  coordinates,  putting 


equations  (41.14)  become 

(42.3)  7'"  =  Z$7^, 
where 

(42.4)  V  =  a},  b*0  =  0,  b°0  =  1,  6®  =  av* 

If  we  put 

(42.5)  (C$)p=— (w- +1) uj,  {Clj)p=  — (n-f l)uj ,  uo=Uo=l, 

from  equations  of  the  form  (35.3)  in  the  7s  and  7’s  we 
have,  in  consequence  of  (41.16)  and  (42.3), 

—/  —,a  —  8 

Ua  Z  =  Up?  . 

Hence  the  w’s  are  transformed  contra  grediently  to  the  7s. 

*  Here  it  is  understood  that  greek  indices  take  the  values  0,  1,  •••,  n 
and  latin  !,•••,«. 
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Accordingly  if  at  P  we  look  upon  the  Fs  as  homogeneous 
coordinates  of  a  projective  space,  each  choice  of  an  affine 
connection  singles  out  a  hyperplane,  which  justifies  the  use 
of  the  term  affine. 

In  §  37  we  saw  that  among  all  the  spaces  with  the  same 
projective  connection  there  is  one  for  which  T\j  =  0  in  the 
given  coordinate  system  F.  From  (42.1)  and  (42.5)  it  is 
seen  that  at  every  point  in  the  coordinate  system  si  at  the 
point  associated  with  the  Fs  we  have  uj  —  0  (j  =  1,  •••,  n). 
Consequently  in  this  coordinate  system  the  plane  at  infinity 
is  F°  =  0.  Accordingly  at  each  point  the  Fs  are  homo¬ 
geneous  cartesian  coordinates,  defined  by  (42.2)  in  which 
the  z’s  are  cartesian.* 

43.  Homogeneous  first  integrals  under  a  projective 
change.  If  for  a  given  affine  connection  rju  the  equations 
of  the  paths  (22.4)  admit  the  homogeneous  first  integral 


dec1  dxm 

ar'  "r,n  ds  ds 


const., 


it  follows  from  (32.3)  that  for  a  projective  change  of  con¬ 
nection  defined  by  (32.1),  the  equations  (32.2)  of  the  paths 
admit  the  first  integral 


2m  |  rpvdjd 

e  J  k  av. 


dxx 

dJ 


dxm 

d~s 


const., 


where  the  integral  J* t pk  dct?  is  taken  along  the  path  in  question. 

Conversely,  if  the  equations  (22.4)  of  the  paths  admit 
a  first  integral 

fcr./ta*  dxl  dxm 

dr  ■rm— — - ^ —  -  -  const.. 


(43.1) 


ds 


ds 


then  for  the  affine  connection  defined  by  (32.1),  in  which 


(43.2) 


fi  = 


<Pi 

2m  ’ 


*  Cf.  Veblen  and  J.  M.  Thomas ,  1926,  6,  p.  295. 
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the  corresponding  equations  (32.2)  admit  the  first  integral 


(43.3) 


tty 


dxx 

ds 


dx  m 

-  —  =  const. 
d  s 


When  we  express  the  condition  that  (43.1)  be  a  first  integral 
of  equations  (22.4),  we  get 


(43.4) 


P(dr1-  rM,  k  "i"  arl  rm  SP/i)  —  0 , 


where  P  denotes  the  sum  of  the  terms  obtained  from  those 
in  parenthesis  by  cyclic  permutation  of  the  indices  (cf.  §  31). 
Hence  we  have: 

A  necessary  and  sufficient  condition  that  a  'projective  change 
of  affine  connection  can  be  effected  so  that  the  corresponding 
equations  of  the  paths  shall  admit  a  homogeneous  first  integral 
of  the  mth  degree  is  the  existence  of  a  symmetric  tensor  ar  rm 
and  a  vector  <pt  such  that  equations  (43.4)  are  satisfied ;  then 
the  projective  change  is  defined  by  (32.1)  in  which  i pi  =  —  y*/2  m 
and  the  first  integral  is  given  by  (43.3).* 

When,  and  only  when,  <?/<  in  (43.1)  is  a  gradient,  equation 
(43.1)  is  of  the  form  (43.3)  Hence  the  results  of  §  31  may 
be  stated  as  follows: 

A  necessary  and  sufficient  condition  that  the  equations  of 
the  paths  for  a  given  affine  connection  admit  a  homogeneous 
integral  of  the  mth  degree  is  that  there  exist  a  tensor  ar  .--rm 
and  a  gradient  <pjc  such  that  the  corresponding  equations  (43.4) 
hold ;  then  the  first  integral  is 


d9  Orx  . 


dxm 

ds 


const.t 


The  condition  (43.4)  is  satisfied  by  the  tensor  gg  and  the 
vector  y>i  of  a  Weyl  geometry,  as  follows  from  (30.1).  Conse¬ 
quently  the  equations  of  the  paths  for  the  given  affine  con¬ 
nection  admit  the  first  integral 

const. 

ds  ds 


*  Cf.  Eisenhart,  1924,  2,  p.  381;  also  J.  M.  Thomas,  1926,  7,  p.  119. 
f  Cf.  Veblen  and  T.  Y.  Thomas,  1923,  1,  p.  583. 
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From  (43.2)  it  follows  that  for  the  projective  change  defined 
by  (32.1)  in  which  fit  =  — sp*-/2  the  new  affine  connection 
is  such  that  its  equations  of  the  paths  admit  the  first  integral 


(43.5) 


dxL  (lx> 

qa  —7= - —  =  const. 

as  as 


Jf  denotes  the  covariant  derivative  with  respect  to  the 
new  connection,  from  (30.1)  we  have 


(43.6)  +  gJk  if'i  +  fjik  fij  —  2ffij  tpi:  =  0 . 
From  these  equations  we  have 

(43 . 7 )  gV  gUt  ,7  =  2  (n  —  1 )  ipk  , 
and  consequently  (43.6)  can  be  written  as 


(43.8)  2  (n  1 )  ffijt )c  “t-  ffP9  (fjjk  fjpq,  i  "j-  gik  ffpqj  -  ffij  ffpq,  u)  —  0 . 

Conversely,  if  the  equations  of  the  paths  of  an  affine 
connection  I'jk  admit  a  first  integral  (43.5)  and  equations 
(43.8)  are  satisfied,  for  the  vector  xpk  defined  by  (43.7) 
equations  (43.8)  reduce  to  (43.6)  and  by  means  of  (32.1) 
with  (ft  =  — 2  ipi,  we  get  (30.1).  Hence  we  have  the 
following  theorem  due  to  J.  M.  Thomas:* 

A  necessary  and  sufficient  condition  that  an  affine  geometry 
whose  paths  admit  a  quadratic  integral  (43.5)  have  the  same 
paths  as  a  Weyl  geometry  is  that  equations  (43.8)  be  satisfied, 
covariant  differentiation  being  with  respect  to  the  given  connection. 

44.  Spaces  for  which  the  equations  of  the  paths 
admit  n(n- fl)/2  independent  homogeneous  linear 
first  integrals.  In  order  that  the  equations  (22.4)  of  the 
paths  admit  a  linear  first  integral 

(44.1)  ai  —  const., 

(X  s 

it  is  necessary  that  (§  31) 

°>J  "i“  aJ,  i  — 


(44.2) 

*  1926,  7,  p.  122. 
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Differentiating  covariantly  with  respect  to  z]c,  we  have 

(44.3)  aj'ik  =  0. 

If  from  the  sum  of  this  equation  and  the  first  of  the  following 

&k,ij  Q-i.Kj  =  0,  Clj'ki  dkji  =  0 

we  subtract  the  second,  the  resulting  equation  is  reducible 
by  means  of  (6.4),  (21.3)  and  (21.4)  to 

(44.4)  auk  =  —  a i  Biij. 


The  conditions  of  integrability  of  these  equations  are  reducible  to 

(44  5)  ah  1  ~  ^ 

+  ah>p  (df  4,7  -  ft  Biij  +  <5?  ^  -  d?  £^)  =  0. 

If  we  put 


ddi 

dxJ 


—  Qh  Tjj  bij •, 


these  equations  and  (44.4),  written  as 

bij,  k  ==  di  JBki) • 

constitute  a  system  of  equations  of.  the  fora  (8.1)  in  the 
n  quantities  a*  and  the  w*  quantities  bij.  In  this  case  we 
have  a  system  F0  of  n{n-\- 1)/2  equations  b/j-f-  bji  —  0  which 
follow  from  (44.2).  Equations  (44.5)  are  the  set  Fx  for  this 
case.  Hence  we  can  apply  the  results  of  §  8  to  get  the 
conditions  to  be  satisfied,  in  order  that  there  be  one  or  more 
first  integrals.*  When  (44.5)  are  satisfied  identically  in  virtue 
of  (44.2),  the  solution  admits  n(n-fl)/2  arbitrary  constants; 
it  is  this  case  we  consider  in  what  follows. 

From  (44.5)  we  have  the  following  equations  of  condition: 

(44.6)  £kj,i  —  tiU,k  =  0, 

*  Cf.  Veblen  and  T.  Y.  Thomas ,  1923,  1,  pp.  591-599. 
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if  An  —  i'i  Bln  -  i{  A,j  +  it  BSj  +  if  Am  —  $  Bfk, 
<44'7  -it  Alui+di  Bfa  =  0. 

Contracting  (44.7)  for  p  and  l ,  we  obtain  (cf.  §  5) 

(44.8)  Bhkij  =  (<J?  BiU  -  dhL  Bjk  +  2  <#  fitJ) . 

M  -L 

Contracting  this  equation  for  h  and  j,  we  have 

Bn  —  Bjk  =  — — j -fin;* 

Since  due  is  the  skew-symmetric  part  of  Bn,-  (§  5),  it  follows 
from  these  equations  that  dy  =  0,  and  consequently  By  is 
symmetric.  Hence  (44.8)  reduce  to 

(44.9)  Au  =  -~~r  (ij  Bit  -  i'i  Bjt) . 

It  1. 

When  these  expressions  are  substituted  in  (44.7),  we  find 
that  these  conditions  are  satisfied  identically.  Again  when 
they  are  substituted  in  (44.6),  we  obtain 

(44.10)  Bjk,  i  —  Bnj;  =  0. 

Comparing  these  results  with  those  of  §  34,  we  have: 

A  necessary  and  sufficient  condition  that  the  equations  of 
the  paths  of  a  space  admit  homogeneous  linear  first  integrals 
involving  n(n-\~  l)/2  arbitrary  constants  is  that  the  space  be 
protectively  fiat  and  the  tensor  By  be  symmetric. 

In  §  34  it  was  seen  that  any  such  space  is  determined 
by  taking 

(44.11)  rjk  =  -(<!;>,*  +  diipj), 

where  ipj  is  an  arbitrary  gradient,  and  that  the  coordinate 
system  x*  for  which  the  s  have  this  form  is  cartesian  in 
the  corresponding  flat  space.  In  this  coordinate  system  and 
for  the  F’s  given  by  (44.11)  equations  (44.2)  become 

3  bj  ,  3  bj 
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where 

(44.13)  hi  =  a/e2'^. 


Equations  (44.12)  are  the  form  which  (44.2)  assume  in  a  flat 
space  referred  to  cartesian  coordinates.  In  this  case 
equations  (44.4)  become 


(44.14) 


d2b,- 

3  x>  dxk 


=  0. 


From  (44.12)  for  i  =  j  it  follows  that  hi  is  independent  of  x\ 
Then  from  (44.12)  and  (44.14)  it  follows  that  the  general 
solution  is 

(44.15)  hi  =  CjjXJ-\-di, 


where  aj  and  <U  are  constants,  subject  only  to  the  condition 
that  Qj  is  skew-symmetric  in  the  indices.  Hence  there  are 
n(n  +  l)/2  arbitrary  constants,  as  desired,  and  for  the  given 
space  at  are  given  by  (44.13)  and  (44.15).- 
45.  Transformations  of  the  equations  of  the  paths. 
Equations  (35.5)  may  be  obtained  in  another  manner.  In  §  22 
it  was  shown  that  the  affine  parameter  of  a  path  is  not 
changed  by  a  general  transformation  of  coordinates.  Con¬ 
versely,  if  we  take  the  equations  of  the  paths  in  the  form  (22.4) 
in  two  coordinate  systems  x{  and  x"  and  assume  that  s  is 
unaltered  by  the  transformation,  we  obtain  (5.6).  We  wish 
now  to  consider  the  more  general  case  when  s  is  not  invariant 
under  the  change  of  coordinates.  To  this  end  we  take  the 
equations  of  the  paths  in  the  form  (7.6),  and  seek  the  con¬ 
ditions  which  the  C’s  and  r” s  must  satisfy  in  order  that 
(7.6)  are  transformable  into 


(45.1) 


dx'u  t<l2x'P  .  ,0  dx*  d  x"'i  \ 

~jr  \  it* " +  **  dt  dt  ) 

dx  ^  I  d2x'a  .  ,a 

~~lTYdr  +  ,rd 


=  0 


by  a  change  of  coordinates. 

*  Of.  Eisrnhnrt,  1926,  9,  p.  336. 
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If  we  effect  the  transformation  x'K  =  (.x1,  . ..,  a-")  on 

(45.1)  and  express  the  condition  that  (7.6)  be  satisfied,  we 
obtain 

,a  dx,,}  <7  a'  dx-i  dxf‘  _ 


OX 


3  a*  ij 


3  as7. 


where 

(45.2)  4  = 


o->  /« 

o~x 


d  x1  d  x 


j  +  JTr 


ul  dt  dt  dt 
dx?  dx'r 


3  x' 


3  xJ 


O  fL 

OX 

3  a/" 


Since  the  above  conditions  must  be  satisfied  for  all  the  paths, 
we  must  have 


(45.3) 


1*1  Aft _ dx^  d  x'a  a 

3  ;iJ:  d  g  xk  d  x’  "  -ik 

_  d x>li  ,a  i  _?i^  . 

3  a-'  *  g  x-i 

3  a^ 


3  a/'s 


3  xJ  ki 


0. 


Multiplying  by - -  and  summing  for  k  and  «,  we  obtain  in 

3  a?' 

consequence  of  (45.2) 

(45.4) 


<»+*>  4  =  Hr 


3  a.-' 


where  4  is  the  jacobian 
(45.5)  4  = 


9  log  A 

+  fay 

dx‘ 

3  log  A 

i  r,cc 

3  x-i 

1  1  «y 

r,  fd 

OX 

3  x 


3  a-' 

3  x,/' 
dx-i 


pk 

1  ki 


r*j 


3  x’ 


When  the  expressions  (45.4)  are  substituted  in  (45.3),  the 
latter  are  satisfied  identically.  Hence  the  conditions  are 
given  by  combining  (45.2)  and  (45.4);  this  gives  equations  (35.5). 
From  (22.2)  and  (22.3)  we  have 

d2s 

d2  a-'  _)_/•/  dx-i  djJ-  _  dt-  (ix’ 

dt2  lL  dt  dt  ds  dt 

~d~t~ 


(45.6) 


dt  dt 
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for  the  determination  of  the  affine  parameter  s  of  a  path. 
By  means  of  (35.5)  we  obtain  from  (45.6)  and  analogous 
equations  in  the  T”s  and  the  affine  parameter  s' 


d*  s' 
dt 2 

(45.7)  J±- 

dt 


dss 

dt 2 _ 2 

ds  n  -j- 1 
dt 


2  d  log  A 
n  -j-  1  dt 


dxk 

dt 


If  the  affine  parameters  s  and  s'  are  to  be  equal,  we  must  have 


(45.8) 


dx 
dx k 


+ 


d  log  A 
dxk 


in  which  case  equations  (35.5)  reduce  to  equations  analogous 
to  (5.6);  we  have  seen  that  equations  (45.8)  are  a  consequence 
of  these. 

If  we  consider  the  most  general  solution  of  equations  (35.5), 
when  the  coordinates  are  not  changed  but  only  the  affine 
parameter,  we  have  TIjl  —  n]k,  which  shows  the  invariant 
character  of  the  IT s  under  a  projective  change. 

46.  Collineations  in  an  affinely  connected  space. 
The  results  of  §  45  may  be  used  to  define  transformations  of 
points  of  an  affinely  connected  manifold  into  points  of  the 
manifold  such  that  paths  are  transformed  into  paths.  We 
call  such  transformations  collineations.  The  conditions  to  be 
satisfied  by  a  space  in  order  that  it  may  admit  one  or  more 
collineations  arise  from  equations  (35.5)  on  the  assumption 
that  each  pair  of  coefficients  Tjk  and  Tjk  with  the  same  indices 
are  the  same  functions  of  x{  and  x  respectively.  This  is  a 
particular  case  of  the  problem  considered  in  §  36  and  may 
be  handled  in  that  manner.  However,  if  the  finite  equations 
of  the  transformation  involve  r  (>  1)  parameters  and  possess 
the  group  property,  they  define  a  finite  continuous  group 
of  collineations.  In  this  case  the  transformations  may  be 
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considered  as  generated  by  r  infinitesimal  transformations.* 
Accordingly  we  consider  infinitesimal  collineations  as  the 
basis  of  another  method  of  obtaining  affinely  connected  spaces 
which  admit  collineations. 

An  infinitesimal  transformation  is  defined  by 

(46.1)  xn  =  sc*  4*  £*  <J  w . 


where  £*  are  functions  of  the  x's  and  8u  is  an  infinitesimal. 
Since  by  hypothesis  the  r s  and  r” s  with  the  same  indices 
are  the  same  functions  of  the  x's  and  x'’s  respectively,  the 
same  is  true  of  the  IT’ s  and  II” s,  as  defined  by  (35.2);  hence 
by  Taylor’s  expansion  we  have 

(46.2)  nji  njk+  z»dH, 


neglecting  infinitesimals  of  the  second  and  higher  orders;  this 
will  be  done  in  what  follows.  From  (46.1)  it  follows  that 
the  determinant  A  of  the  transformation  is  given  by 


and  consequently 
(46.3) 


3  Sh 

4  =  1  +  t?du’ 

8lo gA  _  dagh  a 
dxl  3  x?1  3  x1 


When  these  values  are  substituted  in  (35.5),  we  obtain,  on 
neglecting  the  multipler  du, 


)2  S« 


dik  ,  3  S'*  ,  dll, 


(46.4) 


dxldxJ 


r-  +  nfk  —  -f  11%  4 

i  1  m  aw  1  J  dx1  '  ~ 


n  -f  1 


dxJ 


>2  -ch 


dxJl 

d2£h  \ 


n 


as* 


v  dx* 


dxlld 


x 


r  4-  6  i  ,  ■ 

!  ^  'da?  3  x*J 


=  0. 


Because  of  (35.2)  these  equations  are  equivalent  to 


UlI  _i_  r“  4.  fhlljJ.  _  rk 
dxid  xi  ,k  dxl  9 x*  '  dxh  ^  dodc 

=  <pi  4-  tit  <fj , 

:  The  reader  is  supposed  to  be  conversant  with  the  Lie  theory  of 
groups  as  contained  in  the  treatise  of  Lie ,  1893,  1  or  Bianchi ,  1918,  1; 
a  r6sum6  of  this  theory  is  given  by  the  author,  1926,  1,  pp.  221-227. 


(46.5) 
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where  by  contraction  we  have 
1  /  d2Zh 


(46.6)  (pi 


n-\- 1  \dxh  d 


iaf 


,  rh  3?/c  ,  3  rki 

r  +  rhk  +  $ 


3  a;1 


-V 

dafi 1 


Equations  (46.5)  may  be  written  in  the  form 
(46.7)  £\v  =  £/c  -B^/c  +  dj  <f>i  4-  <pj- 

Contracting  for  h  and  i,  we  have 


(46.8) 


—  £,c  Sjk  4-  (i  4-  n)  9j  • 


In  order  that  the  affine  parameter  s  be  unaltered  by  the 
infinitesimal  transformation  (46.1),  it  follows  from  (45.8)  and 
(46.3)  that  (fi  as  defined  by  (46.6)  are  zero.  In  this  case 
equations  (46.7)  become 


(46.9) 


_  ‘c^ 

ii  —  S  i jk  • 


Hence  when  a  set  of  functions  £*  are  a  solution  of  (46.9) 
equations  (46.1)  define  an  infinitesimal  collineation  which 
preserves  the  affine  properties  of  the  space,  and  when  they  are 
a  solution  of  (46.7),  where  <pi  4  0,  the  collineation  preserves 
the  projective  properties.  Accordingly  we  call  them  infinite¬ 
simal  affine  and  projective  collineations  respectively.* 

Consider  the  case  of  a  protectively  flat  space  and  assume 
that  the  coordinates  xl  are  such  that  JJfi  =  0  (cf.  §  39). 
Under  these  conditions  equations  (46.4)  may  be  written 

(4610)  =  Vvi  +  Fin- 

The  conditions  of  integrability  of  these  equations  are 

=  I?;  +  d«  fin 

J  da/  dxk  dxJ  dx> 

Contracting  for  a  and  i,  we  find  that  (pi  is  the  gradient  of 

a  function  </>,  that  is,  (pi  =  Substituting  in  the  preceding 

0  cc 

32  w 

equations,  we  have  0  .  f  ;  =  0  and  consequently 


dxl  dxJ 

*  Cf.  JEisenhart  and  Knebelman,  1927,  2. 
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9  =  an-afifd, 


where  the  a’s  and  d  are  arbitrary  constants.  Then  from 

(46.10)  we  have 

if4  —  ah  xh  xl  +  b[  -V  <■' , 


where  the  &’s  and  c’s  are  arbitrary  constants.  We  recognize 
these  expressions  as  defining  the  most  general  infinitesimal 
projective  collineation  in  a  protectively  flat  space. *  If,  on 
the  other  hand,  we  consider  equations  (46.9)  for  a  flat  space 

92 

referred  to  cartesian  coordinates,  we  have  ~  ■  .  =  0  and 

9  xl  9  xJ 


consequently 


£'  =  a'h  xh  -j-  b’ , 


which  define  the  most  general  infinitesimal  affine  collineation. i 
Thus  as  defined  affine  and  projective  infinitesimal  collineations 
are  generalizations  of  these  respective  collineations  of  a  flat 
space. 

Suppose  that  we  have  a  solution  £4  of  equations  (46.7) 
and  that  the  coordinates  xi  are  chosen  so  that  in  this 
coordinate  system 

(46.11)  £l=  1,  1“  =  0  («  =  2,  •••,  n).% 


In  this  case  equations  (46.4)  reduce  to 

(46.12)  4%  =  0. 

9  a;1 

By  means  of  these  equations  we  shall  prove  the  theorem: 

When  an  af finely  connected  space  admits  an  infinitesimal 
projective  or  affine  collineation,  the  transformations  of  the 
finite  group  Gy  generated  by  it  are  collineations. 

In  fact,  for  the  chosen  coordinate  system  the  equations  of 
the  finite  group  are 

(46.13)  x'1  =  x-\-a,  x'a  —  xa  (a  —  2,  •••,  n), 

•  Cf.  Lie ,  1893,  1,  p.  24. 
t  Cf.  Lie ,  1.  c.,  p.  85. 

1 1926,  1,  p.  223. 
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where  a  is  a  parameter.  For  this  transformation  equations 
(35.5)  reduce  to  77$  —  IJ]k.  In  consequence  of  (46.12)  this 
condition  is  satisfied  for  a  projective  collineation.  For  an 
affine  collineation  (46.11)  we  have  from  (46.5)  that  fjk  is 
independent  of  x1,  so  that  the  theorem  follows  in  this  case 
also.  Moreover,  we  have  shown  incidentally  that 

The  most  general  affinely  connected  manifold  which  admits 
a  finite  group  Gx  of  affine  collineations  is  given  by  taking 
for  rjk  functions  of  n  —  1  of  the  coordinates. 

In  consequence  of  (39.5)  and  (39.6),  we  have  that  equations 
(46.12)  are  equivalent  to 


and 


9  rjv 

dxl 


=  0 


(i  fj,  i  f  k) 


dfji 

dxl 


=  2  (pi, 
0  =  1, 


9  r“  __ 

dx1 

•  ,  n;  a 


9i 

- 1, 


n: 


a  ^  i). 


where  i  and  a  are  not  summed.  By  means  of  these  equations 
we  are  in  a  position  to  choose  the  coefficients  of  an 
affine  connection  so  that  the  manifold  shall  admit  a  group  Gx 
of  projective  collineations.  This  result  is  seen  also  from  (46.5). 

If  £1'  is  a  solution  of  equations  (46.7)  for  a  given  connected 
manifold,  it  follows  from  (46.4)  that  it  defines  a  collineation 
for  every  manifold  in  projective  correspondence  with  the  given 
manifold.  If  the  coefficients  of  any  such  manifold  are  given 
by  (35.1),  we  have 

(46.14)  fh  =  ftk  +  Cn+l)#'*, 

and  consequently  from  (46.6)  we  have  that  the  functions 
in  this  case  are  given  by 

(46.15)  «=*  +  ?*{ + 

If  we  denote  by  the  second  covariant  derivative  of  £* 
with  respect  to  the  r s,  we  have 
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+  S'‘(V,.j— V'.'fe). 


In  consequence  of  (32.4)  these  expressions  and  (46.15)  satisfy 
equations  of  the  form  (46.7). 

From  (46.15)  it  is  seen  that  the  collineation  determined 
by  £*  is  projective  for  the  connection  of  coefficients  rjl  unless 
xpi  satisfies  the  conditions 


w,  drPi  ,  ,  d$k  , 

£  ~  5T  +  Vk  -Z-J  +  SPi  = 


dafi 


0. 


When  the  coordinates  a:*  are  chosen  so  that  S*  have  the 
values  (46.11),  these  equations  become 


dx1 


The  general  solution  of  these  equations  involves  n  arbitrary 
functions  of  xs,  •••,  xn.  Hence  we  have: 

When  a  projective  or  affine  collineation  of  an  affinely 
connected  manifold  is  known,  it  is  an  affine  collineation  of 
a  sub-group  of  connections  projectively  related  to  the  given 
connection;  the  determination  of  the  .sub-group  involves  n 
arbitrary  functions  whose  jacobian  is  zero. 

47.  Conditions  for  the  existence  of  infinitesimal 
collineations.  If  we  make  use  of  the  Ricci  identities  (§  6) 


■M  --h 

£  ,  ijk  b*  ,  ii:j 


*  ,r 


i  .  r  Bijk  ' 


Uk , 


the  conditions  of  integrability  of  equations  (46.7)  are  reducible 
by  means  of  the  Bianchi  identities  (§  21)  to 


(47.1) 


1  +  £  ft  tfljl  —  tj  BSu  +  t,  i  Bijk  -  f,  r  Bijk 
+  <Pi,k - <$k  <fij  +  (<Pj.k - fkj)  =  0. 


Contracting  for  h  and  i,  and  h  and  k  we  have  (cf.  §  5) 
respectively 

(47.2)  ?  Sfri  +  ^kSp-fj  SuWin  +  Vbj^—nj)  =  0, 


9 
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(47  3)  ^  “1“  -  l->  Ba  +  Bij  +  (1  —  n)  (pij 

4  (9j,i  —  <Pij)  =  0. 

Interchange  i  and  j  in  (47.3)  and  subtract  from  (47.3);  in 
consequence  of  §  5  the  resulting  equations  are  of  the  form 
(47.2).  From  (47.2)  and  (47.3)  we  obtain 

(47.4)  ru  =  (S'  C,j.,  +  tj  Cu  +  t,  Cij), 

where 

(47.5)  Cij  =  + 

If  in  (47.1)  we  substitute  for  the  covariant  derivatives  of 
<fi  their  expressions  of  the  form  (47.4),  the  resulting  equations 
are  reducible  by  means  of  (32.10)  and  the  results  of  §  5  to 


(47.6)  $ 


w!}k—f,iwU  =  o. 


The  conditions  of  integrability  of  equations  (47.4)  are  ob¬ 
tained  from  the  identities  (pi,jk —  <pi,kj  =  <phE>ijk-  In  con¬ 
sequence  of  the  results  of  §  5,  they  are  reducible  to 

^ (Cij, ik — Ctlc, ij — Cih tiijk 4  Cij itiki - Chk  B'lji)  +  fc (Cu,i—Cuj) 
"l-  (Cu,  k  —  Cik,i)-\-  £l, i  (Cij,  k  —  Cikj)  4(1  —  n)  <ph  I v’jk  =  0 . 


Because  of  the  Ricci  identities  for  Cij,  m  and  C)k,  ij  and  the 
identities  (21.4),  these  equations  are  equivalent  to 


(47.7) 


£  (Cij,  kl  —  Cik,jl )  4 
4  £  ,i  (Cij,  k 


k  (Cij,  I  -  Cuj )  +  i-j  (Cu,  k  -  cik,  I ) 
Cikj)  4  (1  —  n)  <fh  If  ijk  =  0 . 


If  equations  (47.6)  are  differentiated  covariantly  and  use 
is  made  of  the  Ricci  identities  for  w!jk,ir,  the  resulting 
equations  are  reducible  to 


(47.8) 


W!jk,rl  4  Wj}k,l  4  f V!j,,r-fj  W&,r 

+  ?,i  B r$k,r  —  ?,l  W!jk,r+  T Vljrn-  W^9j 

4  Wl)k  Vi  +  2  Wijk  Vr-tir  Wtjk  VI  =  0. 
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Contracting  for  h  and  r,  we  obtain 

+  ?,k  wSt,h  —  ?j  W^h 

(47.9)  , 

+  ?,iW!}k,h  +  (2  —  n)9hw!}k  =  0. 

If  we  put 

(47.10)  f,i  =  rft, 
equations  (46.7)  become 

(47.1 1 )  rjlj  =  B?ijk  +  (pi  -f  $ (pj . 

These  two  sets  of  equations  and  the  set  (47.4)  are  of  the 
form  (8.1)  in  the  functions  £h,  rjfi  and  yi.  By  means  of  (47.11) 
and  (21.4)  the  conditions  of  integrability  of  (47.10)  are 
satisfied  identically.  The  conditions  of  integrability  of  (47.11) 
and  (47.4)  are  given  by  (47.6)  and  (47.7)  which  together 
constitute  the  set  Ft  of  the  theorem  of  §  8.  However,  when 
n  >  2,  equations  (47.7)  and  (47.9)  are  equivalent  in  consequence 
of  (32.16),  which  may  be  written 

Wjki,i  =  — — y  (Qfc, 1  —  Cji'k)  • 

Hence  as  observed  in  §  8  we  may  apply  the  theorem  to  this 
case  taking  (47.6)  as  the  set  Fx,  (47.8)  as  the  set  Fa  and 
so  on.  Since  all  of  the  equations  are  linear  and  homogeneous 
in  the  dependent  functions,  we  have: 

A  necessary  and  sufficient  condition  that  an  affinely  connected 
space  for  n>  2  admit  r  Q>  1)  infinitesimal  projective  colline- 
ations  is  that  there  exist  two  positive  integers  N  and  r  such 
that  the  matrices  of  the  equations  F\,  •  •  ■ ,  Fn  and  Fh  ■  ■  ■,  Fn+i 
are  of  rank  n*  f  2n  —  r;  ivhen  r  =  the  solution  involves 
a  quadrature;  when  r  1,  the  general  sohdion  is  a  linear 
function  with  constant  coefficients  of  r  fundamental  sets  of 
solutions. 

When  n  =  2,  the  Weyl  tensor  vanishes  identically,  and 
consequently  equations  (47.6).  The  above  theorem  applies 
to  this  case  with  the  understanding  that  equations  (47.7) 
with  Wyk  =  0  constitute  the  set  Ft,  and  the  other  sets  are 
derived  from  this  one. 
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From  the  form  of  equations  (47.6)  and  (47.7)  and  the 
results  of  §  34  we  have: 

The  maximum  number  of  independent  infinitesimal  projective 
collineations  which  a  space  can  admit  is  ni-\-2n;  this  is  the 
case  when,  and  only  when,  the  space  is  protectively  flat. 

The  determination  of  spaces  admitting  infinitesimal  affine 
collineations  reduces  to  the  solution  of  equations  (47.10)  and 

(47.11)  in  which  yi  =  0.  In  this  case  we  have  a  theorem 
analogous  to  the  first  of  the  above  theorems  for  which  the 
sets  Fi  and  F2  are  obtained  from  (47.1)  by  putting  y>i  =  0 
and  from  (47.8)  by  replacing  W'jk  by  Bjjk.  Since  there  are 
n*-\-n  functions  and  rfr  in  this  case,  we  have: 

The  maximum  number  of  independent  infinitesimal  affine 
collineations  which  a  space  can  admit  is  n*  +  n;  this  is  the 
case  when ,  and  only  when,  the  space  is  flat. 

The  forms  of  the  solutions  £*  for  projectively  flat  and  flat 
spaces  in  cartesian  coordinates  have  been  obtained  in  §  46. 

A  special  type  of  collineations  is  that  for  which  the  path 
curves  of  the  collineations,  namely  the  congruence  determined 
by  £*,  are  paths  of  the  manifold.  In  this  case  the  functions 

must  satisfy  the  conditions  (cf.  (7.5)) 

(47 . 1 2)  {'f  k  —  £*'  K )  =  0. 

In  applying  the  existence  theorem  we  take  these  conditions 
as  the  equations  F0  referred  to  in  §  8.  Differentiating  (47.12) 
and  reducing  by  means  of  (46.7),  we  obtain  a  new  set  of 
conditions  which  together  with  (47.1)  and  (47.4)  constitute 
the  set  Fx  of  equations;  and  so  on.  Since  the  equations 

(47.12)  are  homogeneous  and  of  third  degree,  the  existence 
theorem  assumes  the  more  general  form  of  §  8,  and  not  that 
applying  to  the  cases  when  all  the  equations  are  linear  and 
homogeneous.  If  the  coordinates  are  such  that  the  com¬ 
ponents  £’  are  of  the  form  C46.ll),  equations  (47.12)  reduce 
to  /n  =  0  (a  =  2,  •  •  • ,  n).  Combining  this  result  with 
those  of  §  46,  we  have  a  means  of  defining  the  most  general 
affine  connection  admitting  a  group  Oi  of  the  type  under 
discussion. 
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48.  Continuous  groups  of  collineations.  If  £(C)  for 

«  =  1,  •  ••,  r  determine  infinitesimal  collineations,  we  call 
ft  f 

Xaf  ==  ?<«)  ,  the  generators  of  the  collineations.  Further- 

0  cc 

more,  we  denote  by  (Xa,  Xp)  f  the  Poisson  operator,  that  is, 


(48.1)  (Xa,Xp)f=?w 


dxl 


dxJ. 


JL) 

dxl  Vca)  dxJ  ) ' 


We  establish  the  following  theorem: 

If  Xaf  for  a  =  1,  .  • .,  r  are  the  generators  qf  infinitesimal 
collineations,  so  also  are  (Xa,  Xp)  f  for  a,  0  =  1,  . . .,  r  (a  ^  fi). 
Consider  the  case  when  «  =  1,  /?  —  2.  From  (48.1)  it  follows 
that 


(.Y„  X,)f  =  pH- 


dxl 


where 


/  A  Q  fc*  _  ^  ^"(2)  '-h  d  ^{1)  _  fc/i  <ci  \-h 

(48.Jj  §  —  ^(l)-g^S - ^(2)  g  xu  —  ?(1)  4(2)  ?W ,h- 


From  these  expressions  and  (46.7)  we  have  in  consequence 
of  the  identities  (21.3)  and  (21.4), 


4  _  'rh  Vl  vi  I  T)£ 

'  J  -  $(1  )J  $(2)th —  ?(2 )J  £(1  ),h  “t"  £(1)  £(2)  ±>jid 

+  &j  (?(1)  SP (2) h - *(2)  +  £(1)  SP(2 )j —  ?(2)  9>(1); 


If  we  differentiate  these  equations  covariantly  with  respect 
to  of  and  in  the  reduction  make  use  of  (46.7)  and  (21.5),  we 
obtain 

?,jk  =  $h  Bjldi  +  dj  (fk  +  <V  <Pj, 

where 

9j  —  %a),j  Vmh  —  s<*2 SP(i)A  +  $u)  9(2) j,h  —  ^2)  9a)j,h , 

which  establishes  the  theorem. 

Suppose  that  a  given  space  admits  r  independent  infinites¬ 
imal  collineations.  From  the  above  theorem  and  those  of 
§  47  it  follows  that 

(A«,  Xp)f  =  caf  Xrf, 
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where  the  c’s  are  constants.  Hence  as  a  consequence  of  the 
fundamental  theorem  of  the  theory  of  continuous  groups* 
we  have: 

When,  and  only  when,  equations  (46.7)  or  (46.9)  admit  r  in¬ 
dependent  solutions,  the  space  admits  an  r  parameter  continuous 
group  of  projective  or  affine  colhneationsA 

49.  Collineations  in  a  Riemannian  space.  In  order 
that  an  infinitesimal  transformation  (46.1)  in  a  Riemannian 
space,  with  fundamental  tensor  gg,  be  a  collineation,  it  is 
necessary  that 

(49.1)  g'ij  -  gij{x'\  •  • .,  x'n)  =  gtj  +  lfc  8a 

and  that  equations  (46.5)  be  satisfied,  when  r]k  are  replaced 
by  the  Christoffel  symbols  of  the  second  kind  formed  with 
respect  to  gg.  The  latter  conditions  reduce,  as  in  §  46,  to 


(49.2) 


S* 


—  '£k-Jd!ijic  +  8j  (fti  -f  8i  (fj , 


where  I^jk  are  the  components  of  the  curvature  tensor  and 
y,i  are  the  components  of  a  gradient;  the  latter  follows  from 
(47.2),  since  Sg  =  0  for  a  Riemannian  space;  in  (49.2)  co¬ 
variant  differentiation  is  with  respect  to  the  g's. 

The  quantities  g'g  given  by  (49.1)  are  the  components  in 
the  xr’s  of  a  tensor  whose  components  gg  in  the  x’s  under 
the  transformation  (46.1)  are  given  by 


=  gy+hij  8u, 


/.aQx  -  _  /  dx  dx 

(49.3)  gg  -  9ld  dxi  —j 

where 

(49.4)  hij  =  +  gik  4-  gjk =  hj  +  hi, 


and  It  =  gg  &.  From  (49.3)  follow  equations  of  the  form 


*  Lie,  1893,  1,  p.  391;  also  Bianchi ,  1918,  1,  p.  97. 
t  Cf.  Knebelman.  1927,  4. 
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where  a  subscript  as  in  j^j_  indicates  the  form  with  respect 

to  which  the  symbol  is  formed,  a\-  being  functions  to  be 
determined.  Multiplying  by  glk,  summing  for  l  and  using  the 
expressions  (49.3)  in  the  right-hand  member  of  the  equation, 
we  have 

J  l 


[ij,  %  =  f ij,  l<]g  + 


hiW-ig+Ou  ai)du’ 


where  [ij,  k\-  are  Christoffel  symbols  of  the  first  kind  formed 
with  respect  to  gtJ.  In  accordance  with  the  definition  of  these 
symbols  we  have  from  (49.3) 


Consequently 


[ ij,  k]-  =  [ij,  k]g  +  [ij,  k)h  da. 
[ij,  k\h  =  hkt  g)d  a\y 


If  we  add  to  this  equation  the  one  obtained  by  interchanging  i 
and  k,  the  result  may  be  written 


hikj  =  fhi  a\j  +  ffuaij' 

Substituting  for  h^j  the  expression  from  (49.4)  and  making 
use  of  (49.2)  in  the  form 

(49.5)  £h,ij  ==  -Hhijk  ~\~  gjh  *jP,i  9 ill  H'  J  : 

we  obtain 

gid  {a\j  —  dj  <pyi  —  d\  (pj)  -f  gu  ( alkj  —  d]  g<k  —  d’k  cpj)  =  0. 


When  we  add  to  this  equation  the  one  obtained  from  it  by 
interchanging  i  and  j  and  subtract  the  one  obtained  by 
interchanging  j  and  k,  we  find  that 

l  *1  |  jtl 

Oij  =  °j  0*  <pj- 

Consequently  we  have 

(49.6)  {..)_=  {•  •}  +  (dj  5P,t+  d\  <pj)du 

\ij)  g  yij>  g 

and 

(49.7)  hiJ>k  =  2 gg  y,fc  +  gjk  y,<  +  gm  <pj* 

*  For  another  method  of  obtaining  equations  (49.3)  and  (49.7)  see  1926, 
1,  p.  228. 
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Each  solution  of  (49.5)  in  which  y,,  41  0  determines  a  group  Gy 
of  projective  collineations  of  the  Riemannian  space.  The 
results  of  §  48  can  be  applied  to  this  case  to  determine  whether 
a  space  admits  a  group  Gr  of  projective  collineations.  From 
(49.5)  we  have 

ij  +  £i,hj  —  2  ffih  <ptj  -f-  gj}i  <jP,  j  -{-  ()ij  <f,h- 

From  these  equations  we  have: 

A  necessary  and  sufficient  condition  that  a  collineation  of 
a  Riemannian  space  be  affine  is  that  the  first  covariant 
derivative  of  %h,i  +  h,h  be  zero. 

When  in  particular  £»,/,  =  0,  then  gg  =  g,j  and  the 

collineation  is  a  motion.* 


*  1926,  1,  p.  234. 
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THE  GEOMETRY  OF  SUB-SPACES 

50.  Covariant  pseudonormal  to  a  hypersurface. 
The  vector-field  va.  Consider  a  space  Vn+ 1  expressed  in 
terms  of  coordinates  ya*  A  hyper  surface  Vn  is  defined  by 
an  equation  of  the  form 

(50.1)  y(y\---,yn+1)  =  0. 
where  9  is  irreducible.  If  we  put 

(50.2)  xl  =  9 l(y1,  ■••,yn+r),  P1^1  =  9, 

where  the  functions  9i  are  arbitrary  except  that  the  jacobian 
of  the  n  -{- 1  y’s  is  different  from  zero,  then  equations  (50.2) 
define  a  coordinate  system  xa  for  which  the  given  Vn  is  the 
hypersurface  xn+1  —  0. 

For  any  displacement  in  Vn  at  a  point  P  of  it  we  have 


(5°-3)  Trd,f  =  °’ 

and  consequently  the  covariant  vector  va  at  P,  defined  by 


(50.4) 


3  9  3xn+I 
fxf  ~  dy“ 


is  pseudo-orthogonal  (§  11)  to  every  contravariant  vector 
tangential  to  Vn  at  P.  From  (50.2)  and  (50.4)  it  is  evident 
that  the  vector  va  is  independent  of  the  choice  of  the 
functions  9 1  in  (50.2).  We  call  it  the  covariant  pseudo¬ 
normal  to  Vn. 

*  In  this  and  the  following  sections  greek  indices  take  the  values 
1  ,•••,»  +  1  and  latin  1 ,  •  •  • ,  n . 
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We  define  also  a  contravariant  vector  va  by  the  equations 


(50.5) 


= 

dxn^~1 


As  thus  defined  va  are  the  components  of  the  vector  tangential 
to  the  curves  of  parameter  a^+1,  that  is,  the  curves  along 
which  all  the  x’s  except  xn+1  are  constant;  we  call  them 
transversals  of  the  hypersurface.  Evidently  va  depends  upon 
the  choice  of  the  functions  y*  in  (50.2).  From  (50.4)  and  (50.5) 
we  have 

(50.6)  va  =  1 
and 

9  or?' 

(50.7)  =  0. 


If  we  change  the  curves  of  parameter  xn+1,  we  get  a  new 
vector  of  the  type  va.  Calling  it  va ,  we  must  have 


(50.8) 


va  -\-  a 


i  w 

dxi 


7 


if  we  require  that  v  “  va  =  1 . 

Suppose  that  we  have  a  set  of  functions  xpa  {y1,  •  •  • ,  ?/n+1) 
9  <z> 

such  that  ip°  ~~  —  1,  that  is,  xpava=  1.  If  we  put  va  = 

°yr 

the  condition  (50.6)  is  satisfied.  Moreover,  if  for  the  func¬ 
tions  y'  of  (50.2)  we  take  n  independent  solutions  of  the 
equations 


(50.9) 


dyl  _  _  dy ”+1 

xp1  ipn+ 1  ’ 


then  in  the  coordinates  xa  the  integral  curves  of  (50.9)  are 
the  curves  of  parameter  a"n+1.  Thus  for  a  given  congruence  va 
not  tangential  to  V„  we  can  define  a  coordinate  system  x° 
satisfying  the  requirements  of  this  section. 

When  equations  (50.2)  are  solved  for  the  y's,  we  have 


(50.10) 


yO.  _  f°-pXX,  •  •  •,  ,Tn+l) 
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or,  as  expansions  in  powers  of  xn+1, 

(50.1 1)  ya  =  Jt  (xl,  •  •  • ,  x11 )  -\-fi  (x1,  ■  ■  ■ ,  xn)xn+1 
Consequently  Vn  is  defined  by  the  parametric  equations 

(50.12)  ya  =  jt  (xl,  •  •  • ,  xn), 


and  at  points  of  Vn  the  expressions  for  va  in  the  x’s  are 

(50.13)  (v“)0  =  ft (x\  ■■■,xn). 

If  in  (50.11)  we  put 

i  ri  n+1  ;n+ 1  r>‘\ 

X  =  X  ,  X  =  X  .fr  (x  X  ), 

then  the  curves  of  parameter  x'n+1  are  the  same  as  those 
of  parameter  xnJrl ,  but  in  place  of  (50.13)  we  have 

(Oo  =  f?{x'\...,x'n)F. 


Thus  we  see  in  what  manner  the  coordinate  xn+ 1  may  be 
changed,  if  the  vector  va  at  points  of  Vn  is  not  to  change 
in  direction. 

In  order  to  consider  the  effect  of  a  change  of  the  vector- 
field  va,  we  consider  a  transformation  of  coordinates  of  the  form 

x'1  —  xl  +  xp\  (xl,  ■  ■  • ,  xn)xn^1 

(50.14)  +  xp\  (x\  a*)(*"+,)M - , 

x'n^1  =  Xn~tl  +  </'2+1  (x1,  •  •  •,  xn)(xn+1)2  •  •  •, 


that  is,  a  transformation  such  that  in  the  two  coordinate 
systems  the  space  Vn  is  defined  by  xn+1  =  x'n+1  =  0,  and 
x'1  =  x  at  each  point  of  F„.  From  (50.5;  it  follows  that 
in  the  :r’s  the  components  of  the  field  va  are 

(50.15)  v*  —  0,  un+1  =  1 . 


From  (50.14)  and  (50.15)  we  have  that  the  components  of 
this  field  in  the  x'’s  are 
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(50.16) 


v'*'  =  v4  +  2i/4:rn+1+..., 

v'n+ 1  =  l-j-2  rp2+1  xn+1  +  .... 


It  follows  at  once  that  the  curves  of  parameter  xn+1  and 
of  parameter  x'n+l  have  the  same  directions  at  each  point 
of  Vn,  when,  and  only  when, 

(50.17)  n  •••>**)  =  0  (i  =  1,  •  •  n). 


If  we  denote 
from  (50.14) 

dxi 


(50.18) 

3  y* 


dx*+1 


by  ya  a  general  coordinate  system,  we  have 


+ 


3  ya 


3  x 


mil 


(1  +  2  ip»+1xn+1  4-  •  •  •) 


The  result(50.17)  follows  also  from  the  last  of  these  expressions. 
Also  we  have 


3  x 
3  ya 


3  x-> 


6)  + 
+ 


dipl 

dxj 

dxn+1 


x 


n+l 


+ 


(50.19) 


3  ya 


{xp[  -f  2  ipt2xn+1  +•••), 


3  x 


/»+ i 


3  x->  ldip"+1 


dy“ 


3  y‘ 


- 

«  \ 


3  xJ 
dxn+1 


+ 


3  ya 


0r"+1)2  _j_ . 

(1-1-2  xn+l-\-  •  •  •), 


From  equations  (50.18)  and  (50.19)  we  have  that  at  points  of  Vn 


(50.20) 


dya  =  _3y^  3 ya  =  3 y“  3  ya 

dx{  9 xri  ’  3xn+1  dx'j  1  3a;,n+1’ 

d  x'1  _  dxi  .  .  3x,n+1  _ 

3y«  ~  3 ya  +  3y“  ^ ’  dya  _  3yn_  ’ 
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Also  from  (50.18)  we  have  that  at  points  of  Vn 
d*yn  _  d*ya 


3  x1  d  xJ 

3  V 


(50.2!)  a  xi  3  xn^x 


3  x  3  xJ 

8V  ,  8V  ^ 

dxndx'n+1  dxndx'k  1 


+ 


dya  3  *P{ 


o  /J  o  /’ 

3  a;  Sa¬ 


if  we  write  the  last  of  equations  (50.18)  in  the  form 

va  =  .  (ip[  2ipl  xn+i  -(-•••) 

(50.22)  3/ 

+  /(14-2#1^+1  +  - 

then  at  points  of  Vn 


(50.23) 


3  va 
dx.j 


2 


3  2/‘ 


3  xl  d  xJ 


Vi 


3  ya  3  t/'i  dv 


/a 


dx1  dxJ 


3  x 


u 


51.  Transversals  of  a  hypersurface  which  are 
paths  of  the  enveloping  space.  We  consider  the  trans¬ 
formation  of  coordinates  in  the  space  1  defined  by 


(51.1) 


y 


f*CL  |  r>(X  1 

fo  -¥fl  X 


1  ,7* 


f  (r&otffS  (x"‘+1r  ■ . . 


- 7T  (/?,-.  a)o //■  ■  •  •  /A (*“+>  +  •••• 


where  /o“  and  /“  are  functions  of  xl,  ■  ■  xn,  Fpr  are  the 
coefficients  of  the  affine  connection  in  the  y' s  in  Vn+1,  r 
are  defined  by  (22.8),  and  the  zero  subscript  indicates  that 
in  these  functions  ya  have  been  replaced  by  j£.  From  the 
considerations  of  §  22  it  follows  that  these  expressions  satisfy 
formally  the  equations 

9  V  1  fee  dy?  dyr 

(dxn+1f  Pr  dx,n+l  dx,n+1 

Hence  wheh  constant  values  are  given  to  x'\  •••,x'n, 
equations  (51.1)  define  a  path  of  Fn+i,  the  parameter  being 
x'n+1 .  The  hypersurface  a/n+1  —  0  is  defined  by 
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(51.2)  y*  =f0a(x>\...,x'n), 

and  the  tangent  vector  va  at  a  point  of  this  hypersurface 
to  the  path  of  the  above  set  through  the  point  has  the 
components 

(51.3)  (A,  ==/iV\- ••,*'"). 

When  we  effect  upon  the  x'\  a  transformation  of  the 
form  (50.14)  in  which  xy[  =  0,  we  get  (50.11),  in  which  the 

functions  /0“  and  f*  are  of  the  same  form  as  in  (51.1). 

Moreover,  equations  (51.2)  and  (51.3)  are  the  same  as  (50.12) 
and  (50.13)  respectively.  In  what  follows  we  shall  use  the 
equations  in  the  form  of  §  50,  when  we  are  considering 
relations  between  the  y' s  and  Fs,  and  the  same  notation 
with  primes  when  the  coordinates  x,a  are  under  consideration. 
Thus  in  place  of  (50.2)  we  have 


(51.4)  x'1 


tit  i 

'*  \y , 


n  fl-, 

y  )j 


X 


I  w-J-1 


In  particular,  we  remark  that  y  =  0  is  the  equation  of  the 
hypersurface  Fn.  From  the  last  of  (50.14)  it  is  seen  that 
(f/  =  ^  F  (y1,  •  •  • ,  yn+1) ,  where  F  is  of  such  a  form  that 


F  =  1  when  y  —  0 . 

Differentiating  the  last  of  the  equations  (51.4)  with  respect 
to  x,n+l,  we  have 


(51.5) 


**LV’°  = 

3  ya 


l. 


where,  in  consequence  of  (51.1) 


(51.6)  =  ff-ir&of/f/ x’n+1  +  ..-. 

Differentiating  (51.5)  with  respect  to  x"l+1,  we  have  at  points 
of  Vn 

(51.7)  (v'“  v'P  (f\a[i)o  =  0. 

Again  differentiating  (51.5)  with  respect  to  x'1 ,  we  have 

/  >«  3 i(p'  dyP\  I  d<p'  dr,a\ 

\  diftiy1*  3.r,f/o‘  \  a.r,t/o 


(51.8) 


=  0. 
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Proceeding  in  like  manner  with  the  last  of  equations  (50.2), 
we  have 


(51.9) 


3 2  cp  3  \  ,  /  3  (p  3pa\ 

dya  dyP  dx1  Jo  \  3  ya  dx1  Jo 


Since  at  points  of  Vn  (v'n)0  —  (v“)0  and  (  . )  = 

\  OX1  to 

[cf.  (50.20)],  we  have  from  the  equations  (51.5)  and 


dy“ 


dx lo 


3 if-  ’  dya  dx1  ’  dya  dx'1 

that  ■  Consequently  from  (51.8)  and  (51.9), 

\  3y  /o  \dy  I o 

we  have  at  points  of  Va 

(51.10)  SfL«/»)  —  °- 

ox1 


From  this  result  and  (50.3)  it  follows  that 

(51.11)  O'“)o  (y.a/J—  y',ccii)o  =  (?p)of, 
where,  in  consequence  of  (51.7)  and  (50.6) 

(51.12)  yfyf  (9,  «,»)»  =  /• 


An  application  of  these  results  is  made  in  §  56. 

52.  Tensors  in  a  hypersurface  derived  from  tensors 
in  the  enveloping  space.  Let  £a  and  be  the  components 
in  the  y’s  and  rr’s  of  a  covariant  vector-field  in  Fn+i;  then 


(52.1) 
and 

(52.2) 


h  = 


3  ya 
dx1 


_  *  dva 


dxn+1 


= 


At  points  of  Vn  {xn+1  =  0)  the  functions  £«  are  expressible 
as  functions  of  x1,  •  •  • ,  xn,  and  for  each  value  of  a  the 
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quantities 


dxi 


are  the  components  of  a  covariant  vector 


in  Vn.  Hence  A,-  given  by  (52.1)  are  the  components  of  a  co¬ 
variant  vector  in  Vn,  which  we  say  is  derived  from  the  given 
vector  in  Tn+i-  In  particular,  the  vector  <pva,  where  y  is 
an  arbitrary  function  of  the  y' s,  is  the  most  general  covariant 
vector  whose  derived  vector  in  V„  is  a  zero  vector.  Also 
we  have  at  once  that  all  vectors  of  the  pencil  -f  q  ra  have 
the  same  derived  vector  in  Vn  whatever  be  q. 

In  like  manner,  if  aUi...ar  are  the  components  in  the  y  s 
of  a  tensor  in  Vn+i,  then 

(52.3)  i  ==  fla  ■■ 


dy*1 

dxS 


9  y*T 

dxT 


evaluated  at  points  of  Vn  are  the  components  of  a  tensor 
in  Vn  derived  from  the  given  tensor  in  r„+i.  From  (52.11 
and  (52.3)  it  is  evident  that  the  tensor  in  Vn  derived  from 
a  covariant  tensor  in  the  enveloping  Vn+i  is  independent  of 
the  choice  of  the  vector  va.  This  is  readily  seen  also  by 
observing  that  the  quantities  #r  possess  tensor  character 
under  transformations  of  the  form  (50.14)  whatever  be  the 
functions  V'i>  as  follows  from  (50.20).  The  same  is  true  for 
the  general  transformations 


(52.4)  x’  =  f1  {x 


/i 


X 


n+ 1 


=  x,n^F(x 


fi 


x’n+1), 


..  [  < 

where  F  and  its  first  derivatives  are  finite  for  a;  =  0. 

Let  and  A®  be  the  components  in  the  y’s  and  x’s  of 
a  contravariant  vector-field  in  1;  then  we  have 


(52.5) 

and 

(52.6) 


A*'  = 


doc* 
9  ya 


An-f!  _  v< 


At  points  of  Vn  the  functions  £“  are  expressible  as  functions 

9  cc* 

of  x\  and  for  each  value  of  a  the  quantities  — - 

9y“ 
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for  i  =  1 ,  -  •  • ,  n  are  components  of  a  contravariant  vector 
in  Vn  under  transformations  of  the  form 


(52.7) 


x7  =  g>1  (x 


/i 


X 


— — 


X 


'71+1 


We  say,  that  A1'  defined  by  (52.5)  is  the  vector  in  Vn  derived 
from  the  given  vector  £“  in  Vn+\- 

A  contravariant  vector  in  Vn  is  necessarily  one  in,  Fn+1. 
As  a  vector  in  Vn+1  the  vector  defined  in  Vn  by  (52.5)  has 
the  components 

(52.8)  V  =  A"+1  -=  0. 


Accordingly  it  follows  from  (52.6)  that  when  a  contravariant 
vector  in  Vn+ 1  is  tangential  to  Vn,  it  is  identical  with  the 
derived  vector  in  Vn.  If  it  is  not  tangential  to  Vn  and  we 
denote  by  £“  the  components  in  the  y' s  of  the  vector  (52.8), 
we  have 


(52.9) 

where 

(52.10) 


=  =  x- 44  = 

d  OC’  ^  O  » »o  O  r  ' 


3  x 


dyP  3  X'* 


B d 


Following  Schouten*  we  say  that  the  derived  vector  of 
a  contravariant  vector  is  the  tangential  component  in  Vn  of 
the  given  vector.  From  the  form  of  (52.9)  and  (52.10)  it 
follows  that  unless  the.  given  vector  is  tangential  to  Vn  its 
tangential  component  depends  upon  the  choice  of  the  vector  vtt. 


This  may  be  seen  also  from  (52.5). 


For, 


dx* 

3  ya 


being  the 


cofactor  of 


9 1_ 

3  x7 


in  the  determinant  A  = 


9 

dx * 


divided  by  4, 


it  evidently  depends  upon  va. 

When  in  (52.5)  we  repace  £“  by  va,  we  find  that  the  derived 
vector  is  a  zero  vector,  and  y  va  is  the  only  vector  possessing 
this  property.  Consequently,  when  a  vector  va  has  been 
chosen,  in  the  system  so  defined  its  tangential  component 


*  1924,  1,  p.  134. 
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being  zero,  this  vector  is  analogous  to  the  normal  vector  to 
a  hypersurface  in  a  Riemannian  space  in  the  sense  that  the 
tangential  component  is  zero.  This  fact  has  led  certain  writers 
to  refer  to  va  as  a  pseudonormal. *  We  do  not  use  this  term 
for  a  general  choice  of  va,  because  in  a  Riemannian  geometry 
it  would  be  confusing  (cf.  §  56). 

In  like  manner,  if  a"1'"'  are  the  components  in  the  xj s 
of  a  tensor  in  Vn+ 1,  the  quantities 


(52.11) 


a  ■■  -  a 

a  1  r 


dxil 

3  yai 


d  xT 

3  yar  ’ 


evaluated  at  points  of  Vn,  are  components  of  a  tensor  in  Vn 
under  transformations  of  the  type  (52.7),  that  is,  general 
transformations  in  F„  but  which  in  F^+i  do  not  change  the 
vector  va.  We  call  this  tensor  the  derived  tensor  in  Vn.  The 
tensor  in  Fn+i  with  the  components  6*1  "?r  and  b°l  "°r  =  0, 
when  one  or  more  of  the  <r’s  is  w-fl,  is  called  by  Schouten 
the  tangential  component  with  respect  to  Vn.  If  du' "  °r  are 
its  components  in  the  y's,  we  have 


(52.12)  a"1-"“r  =  Ba'--.  Ba/ , 

Pi  Pr 

where  the  B' s  are  defined  as  in  (52.10). 

Since  a  covariant  vector  in  F„  is  equivalent  to  the  bundle 
of  contravariant  vectors  in  Vn  pseudoOrthogonal  to  it  (§  11), 
it  is  evident  that  a  covariant  vector  in  Vn  is  not  one  in  an 
enveloping  Fn+i.  If  ^ a  are  the  components  in  the  x’s  of 
a  covariant  vector  in  Vn+!,  the  vector  of  components 


(52.13)  Xi  —  Xj,  ^n+i  —  0 


is  equivalent  to  the  bundle  of  contravariant  vectors  deter¬ 
mined  by  va  and  the  contravariant  vectors  in  Fn  pseudo- 
Orthogonal  to  the  derived  vector  of  Xa  in  F„.  In  this  sense 
the  derived  vector  is  the  tangential  component  of  the  vector 

*  Cf.  Weyl,  1922,  6,  p.  154  and  Schouten,  1924,  1,  p.  134. 
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(52.13) .  If  £f<  are  the  components  of  the  given  vector  in 
the  ys,  the  components  of  (52.13)  in  the  y' s  are 

==  (?/?  Ba  . 

In  general,  the  derived  tensor  in  Vn  of  a  tensor  aai...ttr  in  Vn+1 
is  the  tangential  component  of  the  tensor 

(52.14)  =  afivfir  Bl\  ... 


Again  if  are  the  components  in  the  y’s  of  a  mixed 

tensor  in  Vn+i,  the  quantities 


(52.15) 


a 

A 


dx’1 

a/> 


3  xr  3  f/1  3  y^‘ 

3  ya'  3  x^x  3  xJ‘ 


evaluated  at  points  of  Vn  are  the  components  of  a  tensor 
under  general  transformations  (52.7)  and  we  call  it  the  tensor 
derived  from  the  given  tensor  in  Vn+i.  This  derived  tensor 
is  the  tangential  component  of  the  tensor  whose  components 
in  the  y' s  are 


(52.16) 


=  arr  Y;Ba 1 

fii--.fi>  fil'd. 


...  Bttr  Bi'  ... 

Tr  fii 


We  call  each  of  the  tensors  defined  by  (52.12),  (52.14)  and 
(52.16)  the  associate  of  the  given  tensor  with  respect  to  I«. 
From  (52.10),  (50.3),  (50.6)  and  (50.7)  we  have 


(52.17) 


dxi 

dxi 

Bi 

dx,l+1 

dyfi 

3  ya  ’ 

dyt 

dyfi 

3  ya 

Bp 

dyfi 

dxi 

dxl  ’ 

dxn+x 

=  0, 


=  0. 


Because  of  these  identities  we  have  from  (52.15) 


(52.18) 


by-'r  =  ...  dJL ?L. 

Pl'  p‘  3y«i  3 x-i- 


10* 
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Similar  results  follow  from  (52.3)  and  (52.11).  Hence  we  have: 

The  derived  tensors  in  Vn  of  a  given  tensor  in  F»+i  anfl 
of  its  associate  with  respect  to  Vn  are  equivalent. 

53.  Symmetric  connection  induced  in  a  hypersurface. 
If  rj%,  and  rpr  are  the  coefficients  of  a  symmetric  connection 
in  a  Fn+i  in  coordinates  xa  and  ya  respectively,  we  have 
from  equations  of  the  form  (5.6) 


(53.1)  r*jk 


d2ya  if*  dyP  dyr  \  da* 
dx-i  dcdc  ^  dxJ  dx^J  dyf 


At  points  of  Vn  (xn+1  =  0)  the  values  of  rjk  depend  upon 
the  choice  of  the  vector  va  as  is  evident  from  (53.1).  However 
if  Tpr  are  the  coefficients  for  Vn+i  in  the  x"&  defined  by 
(52.7),  from  equations  analogous  to  (53.1)  we  obtain 


(53.2) 


d2  x'1  ,  r,i  dx'p  dx'q\  dx1 

•  1"  *  vq  r  I  1  • 

dx*  dcdc  dx*  Qof  '  dx 


Consequently  r}u  and  rjk  are  the  coefficients  of  the  same 
connection  in  IV,  we  call  it  the  connection  induced  in  Vn  by 
that  in  Vn+i  for  a  given  choice  of  the  vector  va.  This  qualifi¬ 
cation  is  seen  to  be  necessary  from  (53.2);  for,  in  case  of 
transformations  of  the  type  (52.4)  there  are  in  the  last  member 

of  (53.2)  the  added  terms  rj%+1  8 x  -  — - -.* 

dxJ  dxJc  dx'  + 

For  an  asymmetric  connection  in  Fnfl,  equations  (53.1) 
hold  and  the  skew- symmetric  part  of  the  induced  connection 
is  given  by 


(53.3) 


—a  dyP  dy?  dx 1 
dxi  dxk  dya  ’ 


that  is,  the  tensor  Sl)k  of  the  induced  connection  is  the 
derived  tensor  of  the  tensor  Sljjr  of  the  connection  in  Vu+i. 

Consider,  in  particular,  the  case  when  the  affine  connection 
in  Fn+i  is  that  of  a  Riemannian  space,  determined  by  the 

*  In  §  56  we  obtain  the  relations  between  the  coefficients  of  two 
induced  connections  for  different  choices  of  ra. 
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fundamental  tensor  of  components  aap  and  gup  in  the  y' s 
and  x' s  respectively.  Then  we  have 


(53.4) 


3  ya  dyP 

**1%  ~B*  ~  9Jk' 


From  these  equations  we  have*  at  points  of  V„  (xn+1  =  0) 


3  yf*  dy% 


dxl  dxJ 


0, 


(53  5}  a  dyfi  I  3  Y  dy“  jft)  la  I 

"i*  OXk  \dxld xj  dxh  \ij]  g  V  v’  a 

I  &  I 

where  \  (  are  formed  with  respect  to  the  fundamental  form 

fiv)  a 

\li\ 

oap  in  Fn+ 1  and  j .  .)  with  respect  to  the  fundamental  form  gij 
in  Vn.  From  equations  of  the  form  (5.6)  we  have 


9  V  ,  / «  l  dy^dyf  =  rn  dy“  fn+i  3  y“ 

3 xi 3 x-i  1  yvfa  dxi  dxJ  ij  dot?1  ij  3xn+1 


Substituting  in  the  preceding  equations,  we  obtain 

(rZ-\i))g>*+gk”+ir2+1  =  °- 

In  order  that  /*)  =  j  j  ,  it  is  necessary  and  sufficient  that 

gkn+i  =  0  or  r%+1  =0.  In  the  former  case  the  curves  of 
parameter  a?*+1  meet  Vn  orthogonally.  In  the  latter  case 
we  have 

d*ya _ 9yc  i  / «  l  dyf*  %yv  _  0 

dx'dx-i  \ij)gdxh  \yv\ a  dxl  dxJ 


from  which  it  follows  that  Vn  is  a  totally- geodesic  hyper¬ 
surface  of  Fn+i.+  Hence  we  have: 

A  necessary  and  sufficient  condition  that  the  coefficients  of 
the  induced  connection  in  a  hypersurface  of  a  space  with 
a  Riemannian  connection  he  the  Christoffel  symbols  of  the 
second  kinA  formed  with  respect  to  the  derived  fundamental 

*  Cf.,  1926,  1,  p.  147. 

t  Cf.,  1926,  1,  equations  (43.4)  p.  147  and  (54.1)  p.  183. 


150 


IV.  THE  GEOMETRY  OF  SUB-SPACES 


tensor  is  that  the  vector  va  he  orthogonal  to  the  hypersurface, 
or  that  the  latter  be  totally-geodesic. 

We  indicate  by  one  or  more  subscripts  preceded  by  a  semi¬ 
colon  covariant  differentiation  with  respect  to  the  induced 
connection. 

From  the  definition  (§  52)  of  the  associate  of  a  given  tensor 
in  VH- pi  with  respect  to  Vn  it  follows  that  the  components  in 
the  x’s  of  the  associate  tensor  for  which  one  or  more  of  the 
indices  are  n  -f  1  are  zero.  Consequently  from  the  general 
law  of  components  of  a  tensor  in  two  coordinate  systems  we 
have  from  (52.18) 


(53.6)  bf 
*'1  ’ 


— a  -  a  3  X  1 

a„‘  *  — tt 

/V  /W  9  y°l 


3  xr  3  %yr  1  3  3  yf 

3  ifr  dxJl  dxJ‘  dxk  ' 


Hence  we  have: 

The  first  covariant  derivative  in  a  hypersurface  of  the  derived 
tensor  of  a  given  tensor  in  the  enveloping  space  Fn+x  is  the 
derived  tensor  of  the  covariant  derivative  in  Fn+]  of  the 
associate  of  the  given  tensor  with  respect  to  the  hypersurface. 

It  should  be  remarked  that  although  the  derived  tensor  of 
a  covariant  tensor  is  independent  of  the  choice  of  va,  its 
covariant  derivative  in  the  hypersurface  as  a  derived  tensor 
does  depend  upon  va* 

Equations  (53.6)  do  not  hold  for  derivatives  of  higher  order. 
However,  the  second  covariant  derivative  of  blf  "]r  is  the 

derived  tensor  of  r  By  continuing  this  process 

we  obtain  derivatives  of  any  order  (cf.  §  54). 

54.  Fundamental  derived  tensors  in  a  hypersurface. 
We  denote  by  oiy  the  tensor  in  Fn  derived  from  the  tensor 
v«,p  in  Fn+1,  that  is, 


(54.1) 


Wjj  = 


dy“  3 y? 
a'P  dxl  dxi 


From  the  form  of  these  expressions  it  is  evident  that  this 
tensor  is  independent  of  the  choice  of  va.  In  the  x’s  the 
components  of  the  vector  va  are 


♦  Cf.  Schouten ,  1924,  1,  p.  137. 
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•(54.2)  Vi  =  0,  vn+1  =  1, 


as  follows  from  (50.4). 
(54.1)  are 

(54.3)  Wy 


Consequently  in  the  x’s  equations 


r>n- {-1 

1  ij 


Evidently  coy  is  symmetric. 

For  a  given  choice  of  vu  we  have  the  tensor  vK^  and  the 
vector  va^va.  We  denote  by  l)  and  U  the  components  of 
their  derived  tensors  in  Vn,  that  is, 


(54.4) 
and 

(54.5) 


a  3  xl  dyP 
,/S  3 ya  3  x* 


li  = 


3j/ 

3  xl 


In  the  x’s  the  components  of  the  vector  va  are  given  by 
(50.15)  and  consequently  in  the  a?’s  we  have 

(54.6) 
and 

(54.7) 


l) 


=  rt+.j 


;  _ _ 

li  —  i  n+li- 


Because  of  (50.6)  equations  (54.5)  can  be  written  as 
(54.8)  U  =  -v«,eV^. 


With  the  aid  of  the  tensor  coy  we  are  able  to  express  the 
covariant  derivative  of  a  derived  tensor  in  terms  of  the  derived 
tensor  of  the  covariant  derivative  of  the  given  tensor  and 
other  derived  tensors.  Thus  if  by  are  the  components  of  the 
derived  tensor  of  dap,  we  have  from  (53.6) 


3  yd  3  ya 
3  x-i  3  aF 


With  the  aid  of  (52.17)  we  obtain 


3  ya  3  yP  3  ya 
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55.  The  generalized  equations  of  Gauss  and  Codazzi. 
If  Ffr  and  r^y  are  the  coefficients  of  an  affine  connection 
in  a  Vn+i  in  coordinates  xa  and  ya  respectively,  we  have 
from  (5.6) 


(55.1) 


Py"  ,  vyt  vyr  _  ^  dy“ 

dx1  9  xj  ft  dxl  dxJ  ,J  dxP  ■ 


At  points  of  the  V„  (xn+1  =  0)  these  equations  can  be  written, 
in  consequence  of  (54.3),  in  the  form 


(55.2) 


k  I  ra 

y  ;  V  +  1  fir 


dt/  djjr 

dxl  dx-i 


■  Uij  v 


the  first  term  being  the  second  covariant  derivative  of  y" 
with  respect  to  the  induced  connection  in  Vn. 

When  in  equations  (55.1)  we  replace  i  by  n-fl,  we  have 


dva 

dxj 


rP 

n+y  dxp  • 


At  points  of  Vn  these  equations  become,  in  consequence  of 
(54.6)  and  (54.7), 

o\  dv“  1  p  dyr  it  9 ya  1  ,  « 

(o5.3)  — — y  -j-  *  .  =  h  -Yr~r  +  h  v  • 

dxJ  Pr  dxJ  J  dxl  1  J 


We  desire  to  find  the  conditions  which  the  tensors  w,y, 
If  and  must  satisfy  in  order  that  equations  (55.2)  and  (55.3) 
be  consistent.  The  conditions  of  integrability  of  (55.2)  are 
of  the  form  [cf.  (6.4)] 

(55-4)  y  ; ijk  y  ;  ikj  —  Bjjk, 

where  B™k  is  the  curvature  tensor  of  Vn  formed  with  respect 
to  rjk. 

When  the  expressions  (55.2)  are  substituted  in  (55.4),  the 
resulting  equations  are  reducible  by  means  of  (55.2)  and  (55.3)  to 


dV“  r>m  ....  9./  9 yr  a?/  m  m  dy“ 

—  Va  (w  ij.k—  U)ik.j  +  Wy  Ik  —  Wik  Ij)  , 
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where  Bpr$  is  the  curvature  tensor  of  rn+i  in  the  y' s  evaluated 

d 

at  points  of  V„.  If  these  equations  be  multiplied  by  -jpr 

and  by  vtl  and  a  be  summed,  we  have  respectively,  in  con¬ 
sequence  of  (50.3),  (50.6)  and  (50.7), 


(55.6)  B}iJk  =  Bfa 


3  yP  dyY  3  3  x 


3.t*  3 :rj  dx*  3 xj 


^  4*  «/k  h  —  0)U  h-> 


9/  dVY  9/  , 

'ipj  —  ~fhr  v«  +  ««-•  h  —  0)U  be 


(55.7)  =  nfvi---  —j  —k 

The  conditions  of  integrability  of  (55.3)  are  [cf.  (6.3)] 


0. 


Substituting  from  (55.3)  in  these  equations  and  proceeding 
as  above,  we  obtain 


(55.8)  tSj  -  Sj.j  +  l,  is  -  lj  a  +  Bfrt -ffr  -ffj  =  0  > 


(55.9)  i,. j- lj- i  +  ij  -  fi  mj  +  B"fyi  v«  /  lyxj  -  0. 


Equations  (55.2)  and  (55.3)  are  generalizations  of  well-known 
equations  in  the  theory  of  surfaces  in  euclidean  space,*  and 
of  equations  in  a  general  Riemannian  space, t  oyj  being  the 
components  of  the  second  fundamental  tensor  and  va  the  unit 
vector  normal  to  F„.  In  these  cases  the  processes  followed 
above  lead  to  the  Gauss  and  Codazzi  equations.  Equations 
(55.7)  and  (55.8)  are  equivalent  in  these  cases  and  (55.9)  are 
satisfied  identically. 

Accordingly  we  call  (55.6)  the  generalized  equations  of  Gauss 
and  (55.7)  and  (55.8)  the  generalized  equations  of  Codazzi 4 

*1909,  1,  p.  154. 

1 1926,  1,  pp.  147,  148. 

}Cf.  Schouten,  1924,  1,  p.  140. 
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From  the  equations  of  Gauss  it  is  seen  that  the  curvature 
tensor  of  the  induced  connection  is  not  ordinarily  the  derived 
tensor  of  the  curvature  tensor  of  the  enveloping  space. 
When  equations  (55.6)  are  contracted  for  h  and  i,  we  obtain 

(55.10)  Bijk  =  B“y3  (dt  -  va  /)  +  0hk  if  -  w</  rk . 


By  means  of  (55.9)  and  the  theorem  of  §  5  these  equations 
are  equivalent  to 


(55.11)  BiJk 


da3  day\  9  yr  dlf  9  g 

9  yT  9  y'l  /  3  X*  3  Jk  3  3^  3  xi  ' 


When  the  connection  is  asymmetric,  the  results  of  the 
preceding  sections  are  essentially  unaltered  and  the  corre¬ 
sponding  equations  are  obtained  on  replacing  rjk  by  L)k\  then 
the  tensor  is  not  symmetric  in  i  and  j.  The  generalized 
equations  of  Gauss  for  this  case  are  obtained  from  (55.6)  on 
replacing  B?ijk  and  Bpy3  by  Lijk  and  Lapy3.  In  the  right-hand 
member  of  (55.7)  there  is  the  added  term  — 2  S2jk  and  in 
the  left-hand  members  of  (55.8)  and  (55.9)  the  added  terms 
2  Bij  tl  and  2  h  rfy  respectively. 

56.  Contravariant  pseudonormal.  We  consider  the 
effect  upon  the  coefficients  of  the  induced  linear  conection 
and  upon  the  derived  tensors  ij  and  U  of  a  change  in  the 
vectors  vK  at  points  of  Vn,  and  to  this  end  make  use  of  the 
transformation  (50.14).  For  the  coordinate  system  x'1  the 
coefficients  of  the  induced  connection  in  Vn  are  given  by 


(56.1) 


/  dsy“ _ 1  fa  dyl *  dyY  )  dx'1 

\  dxj  dx'k  ?T  dx'j  dx'ki  dVa  ' 


In  consequence  of  (50.20)  and  (50.21),  it  follows  from  the 
above  equations,  (53.1)  and  (54.3)  that  at  points  of  F„ 


(56.2)  rjt  =  rjk  —  o>Jk  xp\ . 

If  B'ijk  denote  the  components  of  the  curvature  tensor  in  rjk, 
we  have 
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B'ijk  —  Bij,c  +  iff  k  —  Mik]j  -f-  V'l  w0‘ —  wZfc)] 

+  Mjj  lpi‘;k  —  Wife  *Pl;j  • 


(56.3) 


From  (50.22)  and  (50.23)  we  have  at  points  of  Vn 


,a  d  i/ 

v  ,fi- 


3  xJ 


a  3  yP  3  ya  3  tp[ 
v,i* 


dxJ 


d  xl  d  xJ 


(56.4) 


-(  8X  +  rlM»£L; 

\  3  xl  3  xJ  ™  ^  A  'W  /  ' 


x*  3  arJ 


«  3  y*  i  3  ,  ,  i  « 


In  consequence  of  these  equations.  (50.20)  and  the  definition 

(54.4)  of  the  tensor  1}  we  have 

(56.5)  I'}  =  I) —  ipi-j  -f-  x p\  (lj  « kj  «/'i)  • 


Since  v'a  =  va  at  points  of  Vn,  as  follows  from  (50.20),  we 
have  in  like  manner  from  (54.5) 

(56.6)  li  =  / i  -|-  o)tJ  if> {. 


It  is  readily  found  that  equations  (55.6),  (55.7),  (55.8)  and 
(55.9)  and  similar  ones  for  the  induced  connection  rfif  are 
consistent  in  view  of  the  above  relations. 

As  an  immediate  consequence  of  (56.6)  we  have: 

When  the  determinant  |t»y|  is  not  zero,  a  vector -field  va  at 
points  of  Vn  is  uniquely  determined  with  respect  to  which  the 
vector  It  is  zero* 

Also  we  have: 

When  the  determinant  |  coy  |  is  of  rank  n  —  r  (r  >  0),  a  vector- 
field  va  at  points  of  Vn  with  respect  to  which  the  vector  h  is 
zero  cannot  he  obtained  unless  the  matrix 

«n  .  .  .  «l»  fi 


Wnl  •  •  •  0)nn  ln 


*  This  theorem  is  due  to  Schoutcn,  1924,  1,  p.  143. 
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is  of  rank  n —  r ;  in  this  case  the  determination  of  va  involves 
r  arbitrary  functions. 

It  is  seen  from  (54.8)  that  the  vector  U  vanishes  at  all 
points  of  Vn,  when,  and  only  when, 

(56.7)  va>/}  =  fvp 

at  points  of  Vn,  where  /  is  a  function  of  the  y's  which  may 
be  zero.  These  equations  are,  in  consequence  of  (50.4) 

(56.8)  *a  =  f<P,li, 
from  which  it  follows  that 

va  V?  <pyap  =  f. 

If  the  determinant  \<p,ap\  is  of  rank  n+1,  by  a  suitable 
choice  of  /  a  unique  vector  va  is  given  by  (56.8)  so  that 
9  (p 

va-rJ-z-  =  1.  If  we  retain  this  field  at  points  of  Fn,  and 
dxa 

apply  the  method  of  §  51  to  obtain  a  coordinate  system  xa 
so  that  the  curves  of  parameter  x’n+1  are  paths,  whose 
tangents  at  points  of  Vn  have  the  direction  of  va,  it  follows 
from  (51.11)  and  (51.12)  that  v“  =  0.  This  is  a  general¬ 
ization  of  the  situation  in  a  Riemannian  space  when  a  family 
of  hypersurfaces  ip  —  const,  are  geodesically  parallel,  the 
function  i p  being  chosen  so  that* 

gafi  W  V'./s  =  1  • 

From  this  we  have  g*?  xp<a  xpjr  =  0.  Hence  the  vector  va 
in  this  case  is  the  normal  to  the  hypersurface.  Accordingly 
when  there  is  a  field  va  satisfying  the  conditions  of  the  first 
theorem,  we  say  that  the  vectors  va  are  the  contravariant 
pseudonormals  to  the  hypersurface. 

When  for  a  given  choice  of  the  field  va  the  vector  U  is 
a  gradient,  and  we  put 

3  log  e 


3  log  0  3  ya 
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we  have  from  (54.5)  at  points  of  Vn 


(9va)^va 


9  y? 
dx* 


=  0. 


Hence,  if  in  accordance  with  the  results  of  §  50  we  take  the 
field  6va  at  points  of  T«,  the  corresponding  vector  h  is  zero. 
Accordingly  we  have: 

When  for  a  given  choice  of  the  field  va,  the  vector  U  is 
a  gradient,  there  exists  a  function  6  sack  that  for  the  field  6va 
the  vector  h  is  zero. 

Thus  the  case  where  k  is  zero  is  equivalent  to  that  where 
it  is  a  gradient  so  far  as  the  direction  of  the  field  vK  goes. 

If  tp{  in  (56.6)  are  chosen  so  that  l',-  =  0,  from  (55.11) 
we  have 


xvi 


B 


ijk 


dlj  _j_  9  he 


dxf 


dxJ 


=  B 


-a  d if  dtf 


ar*  9.W  dxk 


Consequently  if  Baar$  =  0,  we  have  B'ijk  =  0.  Conversely, 

if  B\jk  =  B«pr  =  0,  it  follows  from  (55.11)  that  U  is  a 
gradient.  Hence  we  have: 

When  for  an  affinely  connected  space  Bafr  =  0,  a  necessary 
and  sufficient  condition  that  the  directions  of  a  vector-field  vC( 
at  points  of  a  hypersurf  ace  he  such  that  h  he  a  zero  vector  is 
that  the  corresponding  tensor  Bgu  he  zero.* 

When  equations  (55.3)  are  written  in  the  form 


a 

v  ,fi 


dy^_ 

dxj 


f  f 

dx* 


+  lj  va 


1 


the  quantities  on  the  left  are  the  components  of  the  associate 
direction  of  the  vector  va  for  a  displacement  in  the  direction 
of  a  curve  of  parameter  xj  in  Vn.  Hence  we  have: 

When  a  hypersurface  admits  a  contravariant  pseudonormal, 
the  associate  direction  of  this  normal  in  the  enveloping  space 
for  any  displacement  in  the  hypersurface  is  tangential  to  the 
hypersurface. 

*  This  theorem  has  been  established  by  Schouten,  1924,  1,  p.  142. 
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This  property  of  the  contravariant  pseudonormal  is  possessed 
also  by  the  normal  to  a  hypersurface  in  a  Riemannian  space, * 
which  justifies  further  the  term  pseudonormal. 

57.  Fundamental  equations  when  the  determinant  w 
is  not  zero.  In  this  section  we  consider  the  case  when  the 
determinant  «  is  not  zero  at  all  points  of  Vn  and  we  under¬ 
stand  that  the  unique  vector  va  has  been  chosen  for  which 
li  —  0.  In  this  case  a  tensor  gV  is  defined  by  the  equations 

(57.1)  <jj  o)jk  =  lk. 

We  assume  that  the  determinant 


(57.2) 


l  = 


\lk\ 


is  not  zero.t  Then  it  follows  from  (57.1)  that  the  determinant 
\gV\  is  not  zero,  and  a  tensor  g,j  is  uniquely  defined  by  the 
equations 

(57.3)  (Jij  gjk  =  g’j  gjk  =  dlk. 

From  these  equations  and  (57.1)  we  have 

(57.4) 

If  we  put 

(57.5) 


oh 


Oik 


t 


dxl  dxJ  . 

aaP  ~  9iilhfr!h^^Va  Vf>% 


it  is  evident  from  the  form  of  these  expressions  that  a«p  are 
the  components  in  the  y’s  of  a  tensor  in  F„+i-  From  (57.5) 
we  have,  in  consequence  of  (50.4),  (50.6)  and  (50.7), 


(57.6) 


3  y"  dyP 
° dx*  3  x-i 


—  9hi 


(57.7) 


ftajj 


aap  v" 


dy^ 

dxl 


=  0 


*  1926,  1,  p.  148. 

f  This  is  an  additional  assumption.  For  it  follows  from  (56.5)  that 
for  a  transformation  (50.14)  preserving  va  (i.  e.,  =  0)  l)  are  unaltered. 


and 

(57.8) 
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(lap  Va  V?  =  1  . 

From  these  equations  it  is  seen  that  for  the  determinants 


(57.9) 

Ave  have 

(57.10) 


Cl  =  |  flap  1 ,  g  =  \gij\ 


Consequently  a  \  Oin  the  case  under  consideration.  Accordingly 
a  tensor  aaP  is  defined  by 

(57.11)  <iupa?r  —  ar^  a p«  —  6r(,. 

As  a  consequence  of  (57.7).  (57.8),  (50.3)  and  (50.6)  we  have 

(57.12)  aapva  =  ciflc.v"  =  vp. 

Moreover  from  (57.11)  and  (57.12)  we  have 

(57.13)  v“  =  vp  aPa  =  vp  nali . 


These  equations  are  a  generalization  of  the  equations  of 
a  Riemannian  space  connecting  the  contravariant  and  covariant 
components  of  the  normal  to  Vn. 

If  equations  (55.6)  are  multiplied  by  gru  and  summed  for  h, 
we  obtain,  in  consequence  of  (57.12), 


(57.14)  B,ijk  =  B, 


*>«prj 


3  ya  3  y 


dr' 


g  h  “1”  Mrj  ik  0,rlc 


(•hi 


iji 


Where  we  have  put 

(57.15)  Bi  jjJc  =  grh  I$apyd  ==  ttaaBfjyft. 


In  the  present  case  equations  (55.7)  become 


160 


IV.  THE  GEOMETRY  OF  SUB-SPACES 


If  we  substitute  in  these  equations  the  expressions  (57.4) 
for  <t>ij,  we  have  that  equations  (55.8)  are  equivalent  to 


7r  ,r  _  nc  3  yr  3  y  I 

gir-,k  Ij  gir-J  Ik  — 

n  ,  .  »Vr  8/  I 

—  Bafijri  ~^ZT  ~*Zic  \v 


(57.17) 


dyP 


dxl 

3  1  8/ 


dxJ  dxk 


dxl 


the  last  expression  being  a  consequence  of  (57.6),  (57.7)  and 
(57.13).  To  these  equations  must  be  added  (55.9)  which 
reduce  to 

(57.18)  ghi  (a )hj  u>ik  —  u)hk  My)  +  Baprd  va  vP  |^J-  =  0 . 


In  a  Riemannian  space  Vn+1  for  which  att/*  is  the  fundamental 
tensor,  it  and  gy  are  symmetric.  Also  gij-k  =  0  and  Baprg 
is  skew-symmetric  in  a  and  Consequently  in  this  case 
equations  (57.17)  and  (57.18)  are  satisfied  identically  and 
(57.14)  and  (57.16)  assume  the  form  of  the  Gauss  and  Codazzi 
equations.* 

58.  Parallelism  and  associate  directions  in  a  hyper¬ 
surface.  Let  A*  be  the  components  in  the  x’s  of  a  field  of 
vectors  in  Vn  and  £“  the  components  in  the  y' s  of  this  vector- 
field  in  Vn+i  •  Then  we  have 

(58.1)  V  =  »-£. 


If  we  differentiate  these  equations  with  respect  to  xJ,  we 
have,  in  consequence  of  (55.2), 


(58.2) 


3  yp  _  3  ya 


dx-> 


dxl 


00  ij  A*  va . 


At  points  of  a  curve  Cm  Vn,  whose  coordinates  are  expressed 
in  terms  of  a  parameter  t,  we  have 


(58.3) 


dyP  dxj 

*  dt  dt 


3  ya  u  dxj 

—  bin  A‘  — — -  v°- . 
dxl  J  dt 


*  1926,  1,  p.  149. 
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These  equations  may  be  written  in  the  form 
(68.4) 


where  ij(t  and  y *  are  respectively  associate  directions  (§  16) 
of  the  vector  in  Vn+\  and  Vn  with  respect  to  C. 

If  the  vectors  are  parallel  in  Vn+i  with  respect  to  C, 
if  =  fit)  £“  (cf.  §  7)  and  from  (58.4)  and  (58.1)  it  follows  that 

(58.5)  W  =  fit)  X,  =  0. 

Hence  we  have: 

When  a  family  of  contravariant  vectors  in  a  hypersurface 
are  parallel  in  the  enveloping  space  with  respect  to  a  curve, 
they  are  parallel  in  the  hypersurface  ivith  respect  to  the  curve, 
for  every  choice  of  the  vector  va. 

From  (58.4)  and  (58.5)  it  follows  that  a  necessary  and 
sufficient  condition  that  a  family  of  vectors  in  Vn  at  points 
of  a  curve  C  be  parallel  in  Vn  with  respect  to  C,  when  they 
are  not  parallel  in  Fn+i,  is  that  there  exist  a  function  /(/) 
such  that 

(58.6)  if  —fit)  =  —  «</  V  vtt . 


Conversely,  if  a  vector  field  is  such  that  A1’  — —  =  0 

a  z 

and  (58.6)  hold  along  a  curve,  it  follows  from  (58.1),  (58.3), 
(58.4)  and  (58.6)  that 


dx-i 

dt 


-fit)  * 


doc1 


Since  the  rank  of  the  matrix 


3  ya 


dxl 


is  n,  we  have  that 


the  vectors  of  the  field  are  parallel  in  Vn  with  respect  to 
the  curve. 

Two  hypersurfaces  Vn  and  Vn  are  said  to  be  tangent  along 
a  curve  C,  if  they  have  the  same  covariant  pseudonormal 
(§  50)  at  points  of  C.  Since  the  components  of  the  pseudo¬ 
normal  are  determined  only  to  within  a  factor,  there  is  no 
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loss  of  generality  ill  assuming  that  wy  and  va  are  the  same 
for  Vn  and  Vn  at  points  of  C.  Hence  from  the  above  results 
we  have: 

When  two  hypersurfaces  are  tangent  along  a  carve,  contra- 
variant  vectors  parallel  in  one  with  respect  to  the  curve  are 
parallel  in  the  other  * 

59.  Curvature  of  a  curve  in  a  hypersurface.  When 

in  equations  (58.3)  we  take  for  £“  the  tangent  vector  to  C, 
d  ya 

that  is,  £“  =  ,  these  equations  become 

CX  1/ 

d2ya  1  fa  dyp  dyr 
dt 2  dt  dt 

_  ld2xl  i  dxi  dx^\  dya  dxl  dx-i  a 

\  dt2  jk  d t  dt  J  dxl  dt  dt 


From  these  equations  and  (7.6)  we  have: 

When  a  path  of  a  space  lies  in  a  hypersurface,  it  is  a  path 
of  the  latter,  for  an  arbitrary  choice  of  va;  and  it  is  a  curve 
for •  which 

(59.2)  o),j  dxl  dxi  =  0. 


This,  is  a  corollary  of  the  first  theorem  of  §  58. 

If  C  is  not  a  path,  we  choose  for  the  parameter  an  affine 
parameter  s  of  the  path  tangent  to  C  at  a  point  P.  Then 
at  P  we  have 

(59.3)  ria=-a_fl. 


where  rf  are  the  components  of  the  first  curvature  vector 
of  C  at  P  for  Fn+i  (§  24). 


(59.4) 
and 

(59.5) 


1  _  dxl  dxi 

R  ~  °>iJ  dJ  ~d7 

j-  3  ya  d2xl  .  i  dx-i  dP* 
**  dxl  ’  ds 2  Jk  ds  ds 


*  Cf.  1926,  1,  p.  75. 
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The  vector  f  is  in  the  pencil  determined  by  the  tangent  to 
C  and  its  first  curvature  vector  in  Vn.  If  it  is  tangent  to 
C,  then  C  is  a  path  in  Vn  and  va  is  a  vector  of  the  pencil 
determined  by  this  tangent  and  the  first  curvature  vector  in 
Tn+l- 

When  va  is  the  contravariant  pseudonormal  to  Vn  (§  56), 
we  call  1  /R  the  normal  curvature  of  the  curve,  and  fia  the 
relative  curvature  vector  of  the  curve  in  Vn.  If  jy“  and 
r/K^Kr/  are  not  zero  (§  57),  we  put 

(59.6)  Oap  rf  ^  |  aap~ria~riP  \  =  , 

Q  Qr 


and  call  1  /q  the  first  curvature  of  C  in  Tn+i  and  1  /gr  the 
relative  curvature  of  C  in  Vn,  as  in  the  case  of  a  Eiemannian 
space.* 

6o.  Asymptotic  lines,  conjugate  directions  and  lines 
of  curvature  of  a  hypersurface.  The  associate  covariant 
vector  in  a  space  Vn^i  (§  16)  of  the  pseudonormal  va  of 
a  Vn  with  respect  to  a  curve  C  of  Vn  is  given  by 


Va,lS 


dyp 

d  t 


y<x' 


From  these  equations  and  (54.1)  we  have: 

A  necessary  and  sufficient  condition  that  the  associate  co¬ 
variant  vector  of  the  covariant  pseicdonormal  to  a  hypersurface 
with  respect  to  a  curve  of  the  latter  be  pseudoorthogonal  to  the 
curve  at  a  point  'is  that  the  direction  of  the  curve  satisfy  the 
condition 

(60.1)  u>ij  dxl  dx-l  —  0. 


As  this  is  a  property  of  asymptotic  directions  of  a  hyper¬ 
surface  of  a  Riemannian  space, t  we  call  the  directions  defined 
by  (60.1)  the  asymptotic  directions.  A  curve  whose  direction 
at  every  point  is  asymptotic  we  call  an  asymptotic  line.  We 

*  Cf.  1926,  l,  p.  151. 
f  1926,  1,  p.  157. 
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note  that  asymptotic  lines  and  asymptotic  dilutions  are 
independent  of  the  choice  of  the  vector  va* 

From  (59.1)  and  (59.3)  we  have  the  theorems: 

When  an  asymptotic  line  is  a  path  of  the  hypersurface,  it 
is  a  path  of  the  enveloping  space  and  conve)'sely. 

The  first  curvature  vector,  in  a  space,  of  a  curve  in  a  hyper¬ 
surface  is  tangential  to  the  hypersurface  at  a  point,  when,  and 
only  when,  the  direction  of  the  curve  at  the  point  is  asymptotic. 

If  C  is  a  path  of  Vn  and  s  is  an  affine  parameter  in  Vn 
for  the  path,  equations  (59.1)  become 

d* ya  ,  rpa  dyP  dy*  _  dxl  dxj  a 

Pr ~dT~ds~  ~  ~Wij~ds  ~ds  V- 

Hence  we  have: 

A  path  of  a  hypersurface  in  an  asymptotic  direction  at 
a  point  has  contact  of  the  second  or  higher  order  at  the  point 
with  the  path  of  the  enveloping  space  through  the  point  in 
this  direction. 

As  in  Riemannian  geometry,  we  say  that  two  directions 
at  a  point  of  a  hypersurface  are  conjugate,  if 

oiijdcddxi  =  0. 


Thus  asymptotic  directions  are  self-conjugate.  From  §  58 
we  have: 

In  order  that  a  family  of  vectors  at  points  of  a  curve  of 
a  hypersurface  he  parallel  both  with  respect  to  the  hypersurface 
and  the  enveloping  space,  it  is  necessary  that  the  direction  of 
the  vectors  he  conjugate  to  the  curve. 

If,  whenever  possible,  the  vector  va  is  chosen  in  such  a 
manner  that  the  vector  k  is  zero,  we  have  along  any  curve  C, 
in  consequence  of  (55.3) 


(60.2) 


a  dyP  i  3  if  dxl 

dt  j  dot*  dt 


The  left-hand  member  of  this  equation  is  the  associate  direction 
in  Vn+i  of  the  vector  va  with  respect  to  the  curve.  In  order 

*  Cf.  Schouten,  1924,  1,  p.  148. 
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that  this  direction  may  coincide  with  the  tangent  to  the 
curve,  we  must  have 

i  3  ya  dx*  1  dya 

j  dx1  dt  q  dt 


Since  the  rank  of  the  matrix 
are  equivalent  to 
(60.3) 


dy“ 


dxl 


in  n,  these  equations 


=  °- 


Conversely  for  each  root  of  the  determinant  equation 


(60.4)  |^j_dj|  =  0 

a  direction  is  determined  for  which  the  associate  direction 
of  va  in  Vn+i  coincides  with  this  direction.  When  in  particular 
the  conditions  of  §  56  are  satisfied,  va  is  the  contravariant 
pseudonormal  and  the  curves  of  Vn  defined  by  (60.3)  are 
an  evident  generalization  of  the  lines  of  curvature  in  a 
Riemannian  space.*  Accordingly  we  call  the  curves  defined 
by  (60.3)  the  lines  of  curvature  of  Vn. 

If  the  roots  of  (60.4)  are  real  and  distinct,  there  are  n 
uniquely  determined  families  of  real  lines  of  curvature.  If 
q  is  a  real  root  of  order  r,  it  is  possible  to  find  r  linearly 
independent  families  of  lines  of  curvature  corresponding  to 
this  root;  moreover,  any  family  of  curves  linearly  dependent 
upon  these  families  also  satisfies  (60.3). 

Each  choice  of  a  vector  va  determines  a  tensor  l ')  and  con¬ 
sequently  leads  to  equations  of  the  form  (60.3).  However, 
if  U  4  0,  the  associate  direction  of  the  vector  vtt  satisfies  the 

ct 

above  condition  only  in  case  U  — -  =  0,  as  follows  from 

(Ij  C 

(55.3).  We  reserve  the  term  lines  of  curvature  for  the  case 
when  U  =  O.t 

If  equations  (60.3)  are  multiplied  by  gui  (cf.  §  57)  and 
summed  for  i,  we  have  from  (57.4) 

*  1926,  l,  p.  157. 
f  Cf.  Schouten,  1924,  1,  p.  148. 
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(60.5)  (u>kJ  q — gw)  -jj-  =  0 . 

If  as  in  §  59  we  use  for  parameter  an  affine  parameter  s 
of  the  path  tangent  to  a  line  of  curvature  at  a  point  and 

d  cC'j  cl 

put  gjk — - —  =  <p,  then  q  =  Ry.  A  discussion  of 

(X  S  (X  s 

equations  (60.5)  can  be  made  similar  to  that  of  the  corre¬ 
sponding  equations  for  a  hypersurface  of  a  Riemannian  space.* 
In  particular,  if  X\  and  kl2  are  the  directions  defined  by  (60.5) 
for  two  distinct  roots  of  (60.4),  we  have 

gi  j  Aj  ==  0  &ij  Aj"  ?.{  =  0 . 

From  the  second  of  these  equations  it  follows  that  the  two 
directions  are  conjugate. 

6i.  Projectively  flat  spaces  for  which  By  is  sym¬ 
metric.  Consider  for  a  space  Vn  with  a  symmetric  con¬ 
nection  the  system  of  equations 

(61.1)  =  OqB. 

The  conditions  of  integrability  (6.4)  of  these  equations  are 
reducible  by  means  (61.1)  to 

0,h  {iCijk  +  (We  —  dfc  ay)  —  6  ( ay, *:  —  CHkj)  =  0 . 

In  order  that  equations  (61.1)  be  completely  integrable,  and 
consequently  that  the  general  solution  admit  n  -j- 1  arbitrary 
constants,  it  is  necessary  that 

B’ljk  +  dj  aik  —  dk  cnj  =  0 ,  ny,  k  —  amj  =  0 . 

Contracting  the  first  for  h  and  k,  we  have 

(61.2)  =  S  u, 

ft  \. 

so  that  the  above  conditions  are 

(61.3)  E/ljk  +  $ Bik— dfc  By)  =  0,  BiJik—  BikJ  =  0. 

*  Cf.  1926.  1,  p.  153. 
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Hence  Vn  is  a  projectively  flat  space  (§  34)  and  By  is  symmetric 
as  follows  from  (61.1),  (61.2)  and  (6.3). 

Since  each  solution  of  (61.1)  is  determined  by  initial  values 
3  0 

of  6  and  — — 7 ,  there  exist  n-\- 1  solutions  8a(x1,  •  •• ,  xn )  for 

dxl 

which  the  determinant 


(61.4) 


d8l 

ddl 

el 

9  J'1 

dxn 

ddn+l 

ddn+l 

en+l 

dx1 

dxn 

is  not  identically  zero  and  the  matrix  of  the  first  n  columns 
is  of  rank  n.  Hence  the  jacobian  of  the  equations 


(61.5) 


y 


cx"+1  6cc(x1, 


■>  *n) 


(«  =  1,  . . n  +  1) 


is  not  zero,  and  these  equations  define  a  transformation  of 
coordinates  in  a  space  F»+i.  We  define  a  connection  for  this 
Fn+i  in  the  coordinates  xa,  by  taking  for  rJk{hj,  k  =  1,  •••,  ri) 
the  expressions  for  these  functions  for  the  given  Vn,  and  in 
addition 

(61.6)  =  —~r  Bij,  =  («,  /S  =  1,  n  + 1). 

71/  J- 


If  r^r  denote  the  coefficients  of  the  connection  in  the  y' s, 
it  follows  from  the  equations 


9V  ■  fa  dy^dy^  =  rM_9 
dxPdxT  ^  P*  dx?  dxT  Pr  dxy 

(«,  ft,  r,  /*,  v  =  !,■••,»  +  !) 


and  from  (61.1),  (61.2)  and  (61.5)  that 


j*  dyy  dy* 
dxP  dx? 


=  0. 


Consequently  r£v  =  0  and  F»+i  is  a  euclidean,  or  flat  space. 
From  the  definition  of  the  affine  connection  in  Vn+i  it  follows 
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that  the  induced  connection  in  the  hypersurface  xJl+x  ==  0 
is  that  of  the  given  space  Vn.  Hence  we  have: 

A  protectively  fiat  space  of  n  dimensions  for  which  By  is 
symmetric  can  he  immersed  in  a  fiat  space  of  n-\- 1  dimensions .* 
In  order  to  investigate  the  situation  more  fully,  we  observe 
that  by  suitable  linear  combinations,  with  real  coefficients, 
of  the  O’ s  the  fundamental  form  of  F»+i  is  reducible  to 
2ecc(dyay,  where  the  e’s  are  plus  or  minus  one.  If  we 

a 

denote  by  aap  the  coefficients  of  this  form  in  the  x’s,  we  have 


(61.7) 

If  we  put 

(61.8) 


ay  =  erx"+l  £ea 


dott  de ' 


n  3  Xx  3  XJ 

«»+l»+l  =  e2x"+1J£e«(0f *)*. 

a 

2ea(d“y  =  2  A, 


'  ■  J2x-+'V  9r 

:  ,  «/n+l  —  cr1  2jC<*  6  } 

'  ct  OX’ 


the  successive  covariant  derivatives  of  this  equation  are 
reducible  by  means  of  (61.1)  and  (61.2)  to 

Z e.  x,„ 

(61.9)  o;  “ 

n  I  a 


From  the  results  of  §  53  it  follows  that  the  coefficients  of 
the  induced  connection  in  the  hypersurface  xn_tl  —  0  are  the 
Christoffel  symbols  of  the  second  kind  formed  with  respect  to 


f/ij  —  e«  0  t/  6  j 

(C 

only  in  case  =  0,  that  is,  when  /.  is  a  constant.  In 

this  case  we  have 

n  —  1  ~ 11 

9 }  9'-i ; 

and  consequently  the  hypersurface  is  of  constant  Riemannian 
curvature.*!* 

*  Eisenhart,  1926,  9,  p.  338. 

1  1926,  1,  pp.  135,  203. 
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Consider  now  any  hypersurface  of  a  flat  space  V„+i  for 
which  the  coordinates  ya  are  cartesian  and  the  fundamental 
form  is  £  ea  ( dya )2,  the  equation  of  the  hypersurface  being 

a 

(61.10)  F{y\  =  0. 

This  equation  may  be  replaced  by 

(61.11)  if  =  da(x\  xn) 


where  the  functions  6a  are  arbitrary,  except  that  (61.10)  is 
satisfied  and  the  jacobian  of  any  n  of  them  is  not  zero. 
When,  and  only  when,  the  function  F  is  not  homogeneous 
in  the  xf  s,  the  determinant  A  defined  by  (61.4)  is  different 
from  zero;  that  is,  when  the  hypersurface  is  not  a  hypercone 
with  vertex  at  the  origin,  or  a  hyperplane  through  the  origin. 
Consequently,  with  these  exceptions,  the  functions  6tt  can  be 
chosen  so  that  equations  (61.5)  define  a  transformation  of 
coordinates  in  Vn+i  such  that  xn+1  =  0  is  the  equation  of 
the  given  hypersurface.  The  coefficients  of  the  induced  con¬ 
nection  in  the  given  hypersurface  are  given  by 


(61.12) 


where  the  latter  are  defined  with  respect  to  the  a' s  given 
by  (61.7).  Since  the  Christoffel  symbols  formed  with  respect 
to  the  y' s  are  zero,  we  have 


(61.13) 


0 2  yS  0  xa 

dxP  dz-r  Qyd  ' 


From  these  equations  and  (61.12)  we  have 


(61.14) 


_ rh  dya  _  fn  +  1 

dzld  xJ  dx h  \  i  j 


Avhich  reduce  to  the  form  (61.1)  because  of  (61.5). 
sequently 


Con- 
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and  for  the  induced  connection  the  hypersurface  is  project- 
ively  flat.  Also  from  (61.5)  it  follows  that 


by  means  of  which  and  (61.14)  we  get  the  equations  (61.6). 

Returning  to  the  consideration  of  the  cases  excepted  above, 
we  see  that  by  a  suitable  change  of  origin  of  the  y' s,  the 
hypersurfaces  excepted  for  one  coordinate  system  are  not 
excepted  for  another.  Hence  we  have: 

The  vector-field  vtt  can  be  chosen  at  points  of  any  hyper¬ 
surface  of  a  fiat  space  so  that  for  the  induced  connection  the 
hypersurface  is  projectively  fiat. 

62.  Covariant  pseudonormals  to  a  sub-space.  When 
a  space  Vm  is  referred  to  coordinates  ya,  a  sub-space,  or 
sub-variety,  Vn  is  defined  by 

(62.1)  <pa (*/',•••,  ym)  =  0  (tf  =  n+1,  m). 

If  we  put 

(62.2)  xi  =  <p *{y\  •••,  ym),  xa  =  (f°  * 


where  the  functions  are  arbitrary  except  that  the  jacobian 
of  the  m  (p's  is  different  from  zero,  equations  (62.2)  define 
a  coordinate  system  for  which  the  given  Vn  is  defined  by  the 
equations  xa  —  0  (a  =  n  +  1,  •  •  •,  m). 

Any  displacement  in  Vn  satisfies  the  conditions 


(62.3) 


dp* 

Wd'r 


0, 


and  consequently  the  covariant  vectors  vf  in  Vm  defined  by 


(62.4) 


9  9°  __  d  xa 
9  ya  3  ya 


*  In  this  and  the  following  sections  latin  indices  take  the  values  1,  •  •  -  ,  n, 
letters  at  the  beginning  of  the  greek  alphabet  values  1 ,  -  •  - ,  m  and  those 
at  the  end  n  + 1,  — ,  m. 
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are  pseudoorthogonal  at  any  point  of  Vn  to  any  displacement 
in  the  latter.  We  call  them  covariant  pscmdonormals  to  Vn; 
evidently  any  linear  combination  of  them  is  the  most  general 
covariant  pseudonormal  to  Vn. 

If  we  put 


(62.5) 


(<D 


djf 
3  x,J  ’ 


for  a  given  value  of  a,  at  any  point  are  the  components 
of  the  contravariant  vector  tangential  to  the  curve  of  para¬ 
meter  xG  at  the  point,  that  is,  the  curve  along  which  all  the 
a;’s  but  xG  are  constant.  As  thus  defined  the  functions  v“a) 
depend  upon  the  choice  of  the  functions  y1  in  (62.2),  whereas 
v{G)  do  not.  From  (62.4)  and  (62.5)  we  have 

(62.6) 
and 

(62.7) 

When  equations  (62.2)  are  solved  for  the  y’s,  we  have 

(62.8)  y“  =  fa  (xl,  •  •  • ,  xm) 
or  as  power  series  in  xn+1,  ■  •  • ,  xm 


l>a  V' 
(a) 


(t) 


a 


(a) 


dx1 
d  ya 


0. 


(62.9)  ya  =  /“  (x\  •  •  • ,  xn)  +/“  (x\  .  •  • ,  xn)  xa  + 
Consequently  Vn  is  defined  by  the  parametric  equations 

(62.10)  ya  =  /“  ( \x\  •  •  • ,  xn) 
and  at  points  of  Vn 

(62.1 1)  v*c)  =  (xl,  .  .-,xn). 

63.  Derived  tensors  in  a  sub-space.  Induced  affine 
connection.  For  a  tensor  in  Vm  the  quantities  given  by 
(52.3),  (52.11)  and  (52.15),  where  greek  indices  take  the 
values  1,  •••,  m,  evaluated  at  points  of  Vn  define  a  derived 
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tensor  in  Vn.  In  particular,  the  derived  vector  of  any  co¬ 
variant  pseudonormal  is  zero,  and  the  derived  vector  of 
any  is  zero. 

If  we  put 

(63.1)  Bp  =  dp  —  v“a)  vp\ 


we  have 

dx{  dxi 

^  dya  dyP  ’ 


a  dxT  _ 

~  °’ 


-V-  — 

dxi  dxJ  ’ 


=  0. 


Hence  with  this  interpretation  of  Bp  equations  (52.12),  (52.14) 
and  (52.16)  define  tensors  in  Vm,  associate  to  the  given  tensors, 
such  that  in  the  x’s  any  component  involving  one  or  more 
indices  w-f  1,  •••,  m  is  zero  and  the  other  components  are 
those  of  the  derived  tensor.  Furthermore,  the  last  theorem 
of  §  52  holds  for  a  Vn  in  a  Vm. 

If  rcpr  and  rpr  are  the  coefficients  of  an  affine  connection 
in  Vm  in  the  x’s  and  y' s  respectively,  we  have  equations  of 
the  form  (53.1).  If  r*pr  are  the  coefficients  in  coordinates 
x'a,  where 

xl  =  ip1  ( xx ,  •  •  • ,  a^*),  x'a  =  x?, 

then  equations  (53.2)  hold,  and  thus  the  quantities  rjk  and 
Fjk  evaluated  at  points  of  Vn  are  the  coefficients  of  the  same 
connection,  which  we  say  is  induced  in  Vn.  From  the  form 
of  equations  (53.1)  it  is  seen  that  this  induced  connection 
varies  with  the  choice  of  the  vectors  v“a).  In  what  follows 
we  indicate  by  a  semi-colon  followed  by  indices  covariant 
differentation  with  respect  to  the  induced  connection.  We 
remark  that  for  a  Vn  in  a  Vm  there  is  a  theorem  similar 
to  the  last  of  §  53. 

64.  Fundamental  derived  tensors  in  a  sub-space. 

We  denote  by  the  tensor  in  F„  derived  from  the  tensor 
v^p  in  Vm,  that  is, 
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(64.1) 


O), 


(IT) 


9  V"  dj£ 
d  x'  d  x-i 


In  the  x's  the  components  of  the  vectors  v(u  and  are 


(64.2) 


(<T)  vff 

=  o« , 


v?0)  =  d 


G> 


as  follow  from  (62.4)  and  (62.5).  Consequently  in  the  x’s 

equations  (64.1)  are 

(64.3)  <4?  =  —  r?j. 


We  denote  by  l(a)j  the  tensors  in  Vn  derived  from 
v“c),p  and  v«  in  Vm,  that  is, 


(64.4) 
and 

(64.5) 


a  dx* 


dy“ 


9  y? 
dxJ 


;(T). 

HG)l 


«  (t) 

V(G),p  VC- 


dy^ 

dxi 


In  the  x's  the  components  of  these  tensors  are 
(64.6)  =  rij,  &  =  rli. 


In  consequence  of  (62.6)  we  have  from  (64.5) 


(64.7) 


7(t)- 

halt 


(r)  « 

V«,P  v(u) 


9  yP 
dx1 


The  geometrical  significance  of  these  tensors  is  pointed  out 
in  the  next  section. 

In  order  to  study  the  effect  of  a  change  of  the  vectors 
v"C),  we  consider  a  transformation  of  coordinates  of  the  form 


(64.8)  xn  —  x*  x ",  xa  —  x?, 


where  the  ip's  are  functions  of  xx,  •••,  xn.  At  points  of 
we  have 
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ir 

9  x' 


a  if_  dx’f_ 

dx'i*  3^ 


3y“ 


3x 


ti  > 


(64.9) 


3_.y“ 

~3xff 


„  /a  1  „  n  t  a> 

ox  ox 


9  x  9  J'1  .  .  dx 

-  —  - — ip  - , 

3  ya  dytt'"adya 


dx 


/<t 


3  ya 

3  y  _ 

dxldxa 


dx  dx 


From  the  fourth  of  these  equations  we  have  that  v'aa)  =  vj? , 
that  is,  the  covariant  pseudonormals  are  unaltered.  The 
second  and  last  sets  of  these  equations  are  reducible  by  means 
of  the  others  to 


(64.10) 

and 


«  _  /«  |  9  ya  1 1 

F(a)  —  >W+— 7 i*/V 
dx 


Cl  >a 

3  >V) 


2.. a 


dv?tt)  3  y 


-  >pJ 


dy“  9</^ 


fix'1  dx1  dx1  dxJ  °  dxJ  dx1 
From  these  two  sets  of  equations,  (64.9)  and  (53.1)  we  have 


ta  d  yP  a 

»'«T),/S— 7i  —  *V),/S 

dx 


dyP_ 

dx} 


I  3 V  Ta  dyi*  3 yr\  . 

\dxld  x-i  Pr  3  Xi  3  ,TJ  /  ^'a 


(64.11) 


3j/(  3  *PJa 

3xJ  3  a;1 


«t),/3  9xi 


3y^  •  dya  .  . 

—  xpJ  .  —  -  4- 

rff;»  3^  v 


IJ  (T) 


If  we  define  l'(G)j  and  I'^i  by  equations  analogous  to  '(64.4) 
and  (64.5),  we  have 


(64.12)  1(G) j  —  l(G)j  H'c-J  4"  */V  4 a)j  4"  tya  !po  0)Jj. 

(64.13)  l[ay  =  4ffV  *4  tyo  Mjk  . 


There  is  also  another  element  of  indeterminateness  due  to 
the  fact  that  the  covariant  pseudonormals  are  not  uniquely 
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determined.  In  fact,  the  sub-space  defined  by  (62.1)  is  like¬ 
wise  defined  by  the  equations  =  0,  where  =  Ax<pT, 
the  A’s  being  arbitrary  functions  of  the  y' s  subject  to  the 
condition  that  the  determinant  \AX\  is  not  zero  as  a  con¬ 
sequence  of  (62.1).  From  the  above  we  have 

—(a)  _  —a  .a  (r)  >  ,o  ir)  .  >rr  (r)  i  Aa  r 

Va,p —  (f  —  At  Pn,p  -f-  Ar<p  VK  ~r  Ar,a  Vp  ~T  AT,ct/i  <P  • 

From  these  equations  and  (64.1)  we  have  at  points  of  Vn 


— <ff)  _  (r) 

(Aij  —  0>ij  ; 


(64.14) 


where  now  Ax  may  be  interpreted  as  arbitrary  functions  of 
x1,  ■■■,xn  such  that  the  determinant  \AX\  is  not  zero.  An 
application  of  the  foregoing  results  will  be  made  in  the  next 
section. 

65.  Generalized  equations  of  Gauss  and  Codazzi. 

At  points  of  a  sub-space  Vn  of  a  Vm  as  defined  in  §  62, 
equations  (55.1)  may  be  written  by  means  of  (64.3) 


When  in  equations  (55.1)  we  replace  j  by  a,  the  resulting 
equations  may  be  written 


and  at  points  of  V„  these  equations  become,  in  consequence 
of  (64.6), 


With  the  aid  of  the  identities  (55.4)  for  the  present  case, 
we  obtain  as  the  conditions  of  integrability  of  equations  (65.1) 
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dy“  nil  i  m(cV'  'i  7?"  dy(i  dyr  dy J 

(BlJk  +  WlJ  t(a)k~  bHk  ka)j)  ~ Btr* 

+  vfff)  (0)ij;k  —  bUk]j  +  °>ij}  l(T)k  —  Wife  f(t)j)  =  0  . 

B  0c?1, 

If  these  equations  are  multiplied  by  and  by  and 
«  is  summed,  we  have  the  respective  equations 

//»-  q\  tV*  _  r>&  ^  2/^  ^  (o)  Ji  i  (ff)  Vi- 

(bO. 5)  ±>ijk  —  Bp •  •  •  g  b,ij  K<r)Zc  ~r  w*fc  »(«)./ , 

iv  («n  («)  _  pa  (<r)  (t)  ,(«0  ,  (r)  Jff) 

(65.4)  My;t  0)ik;j —  a  i  ‘ '  '  V(t  WV  ^(r)k  T  wife  nT)j  • 

0  oc 

In  like  manner  we  find  that  the  conditions  of  integrability 
of  (65.2)  are 

Ji  jh  ,  ,(r)  Ji  Jt)  Ji 

Ha)i',j  ka)j\i  [  ka)i  k*)J  ko)j  <(Tlt 

(Si’S)  =«  a  dyr  Sy ‘  dd‘  _ 


7 O’)  .  /f)  I  fl  /f)  (T) 

ko)i',J  ko)j;i~T  ko)J  wih  ko)iu>jh 

<65-6)  ,  rn,j  o»r  9/  ...  n 

+  Bfr»v°  >fm—  -0. 


These  equations  are  evident  generalizations  of  equations 
obtained  by  Voss  and  Ricci  for  a  sub-space  of  a  general 
Riemannian  space*. 

From  (65.3)  we  have  on  contracting  for  h  and  i 
Sjk  —  (Srfi  —  Bprt  vfa)  V„  )  cotf]  +  «£k  l^j, 

which  is  reducible  by  means  of  (65.6)  to 
(65.7)  Sjlc  —  Sj.fi  -~r  -  l\V)k-J* 


From  (64.13)  it  is  seen  that  if  the  determinant  of  any  one 
of  the  sets  of  functions  w£7>  is  different  from  zero,  or  can  be 

*  1926,  1,  p.  163. 
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made  such  by  (64.14),  the  functions  and  consequently  the 
vectors  can  be  chosen  so  that  the  sums  V$i  ,are  zero. 
Consequently  we  have  from  (65.7): 

In  general  the  vectors  v“0)  can  he  chosen  so  that  when  the 
tensor  Bap  in  the  enveloping  space  is  symmetric,  the  tensor  By 
of  the  induced  connection  in  the  sub-space  also  is  symmetric* 

It  is  an  algebraic  problem  to  determine  by  means  of 
equations  (64.14)  whether  m — n  independent  covariant  pseudo¬ 
normals  can  be  chosen  so  that  all  of  the  determinants  f«^| 
are  different  from  zero.  When  this  condition  is  satisfied, 
m  —  n  independent  vectors  v“a)  can  be  determined  by  (64.13), 
so  that  I'ffj  —  0,  where  a  is  not  summed.  In  this  case,  as 
follows  from  (65.2),  the  associate  direction  in  Vm  of  each 
vector  for  a  displacement  in  Vn  does  not  have  a  component 
in  the  direction  (cf.  §  56).  As  this  is  a  property  of  the 
normals  to  a  sub-space  of  a  Riemannian  space,!  we  say  that 
the  corresponding  vectors  v® }  are  contravariant  pseudonormals 
to  the  sub-space.  The  process  of  determining  these  pseudo¬ 
normals  is  not  unique  since  each  choice  of  covariant  pseudo¬ 
normals  satisfying  the  desired  conditions  yields  a  set  of 
contravariant  pseudonormals. 

When  the  connection  is  asymmetric  (cf.  §  55),  the  equations 
analogous  to  (65.3),  (65.4),  (66.5)  and  (65.6)  are  obtained 
from  the  latter  on  replacing  llyu  and  Bpr#  by  Lyk  and  Lpr$ , 
subtracting  the  term  2  4  00$  from  the  right-hand  member  of 

(65.4),  and  adding  the  respective  terms  2  4  4m  and  2  44m 
to  the  left-hand  members  of  (65.5)  and  (65.6). 

66.  Parallelism  in  a  sub-space.  Curvature  of 
a  curve  in  a  sub-space.  The  results  of  §§  58,  59  can 
be  generalized  to  the  case  of  a  general  sub- space.  In  place 
of  (58.3)  we  have 


(66.1) 


dy? 
'  dt 


—  V  ■ 


dx-i  dxf'  (o)  dx-i  a 

W/j  A  ,  .  V(O)  • 


dt  dxl 


d  t 


*  Cf.  Schouten ,  1924,  1,  p.  162. 

1 1926,  1,  p.  161,  equations  (47.9). 
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Consequently  we  have 

When  a  family  of  contravariant  vectors  of  a  sub-space  are 
parallel  in  the  enveloping  space  with  respect  to  a  curve,  they 
are  parallel  in  the  sub-space ,  for  every  choice  of  the  vectors  v*a). 
In  particular  we  have 

When  a  path  of  a  space  lies  in  a  sub-space,  it  is  a  path 
of  the  sub-space,  for  every  choice  of  the  vectors  v*0)\  it  is 
a  curve  for  which 

oAf  dxl  dxl  =0  (a  =  n  -)-  1 ,  •  •  • ,  m). 

V 

From  this  theorem  we  have  also: 

A  necessary  and  sufficient  condition  that  every  path  of 
a  sub-space  be  a  path  of  the  enveloping  space  is  that 


o,(o)  o 

V 


These  sub-spaces  are  the  analogues  of  totally-geodesic  sub¬ 
spaces  of  a  Riemannian  space.* 

d  y a 

When  in  (66.1)  we  replace  by  .  we  have  the 

d  t 

equation  obtained  from  (59.1)  on  replacing  the  last  term 

b*  -S^-fr-TT-  Consequently  ^  is  the 

component  of  the  curvature  of  the  curve  in  the  direction 

dx^ 

If  we  multiply  (65.2)  by  for  a  curve,  we  have 

Cl  l 


mp 


=  iLi 

(o)l 


dxi 
d  t 


dyf 

dxi 


A-  l(T)  va 

'  \o,i  y(T) 


dxl 
d  t 


Hence  l(a)i 


dx1 

dt 


are  the  tangential  components  of  the  associate 


direction  of  the  vector  for  the  curve  and  If},, — —  are 

(a)  (a)i  g  [ 

the  components  in  the  directions  p“r).i 

67.  Projective  change  of  induced  connection.  In 
order  to  determine  the  effect  upon  the  induced  connection  of 


*  1926,  1,  p.  184. 
f  Cf.  Weyl,  1922,  6.  p.  156. 
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a  projective  change  of  connection  in  the  enveloping  space, 
replace  rj}r  in  (53.1)  by  expressions  of  the  form  (32.1)  and 
understand  that  «,  ft,  y  take  the  values  1.  •  •  •.  m.  From  the 
resulting  equations  and  (53.1)  we  have 

(67.1)  r'ji  =  +  + 

where 

3  if 

i/'/j  being  the  vector  in  Vm  determining  the  projective  change. 
Hence  we  have: 

When  the  connection  of  a  space  undergoes  a  projective 
change,  the  same  is  true  of  the  induced  connection  of  a  sub- 
space,  and  the  vector  determining  the  latter  is  the  derived 
vector  of  that  determining  the  former. 

From  (67.2)  it  is  evident  that  m  —  n  independent  vectors 
fa  exist  such  that  there  is  no  change  in  the  induced  connection. 
If  we  take  fa  =  pfo, a vjj\  where  a  is  not  summed,  then 
<Pj  =  l{%  (cf.  §  65).  Consequently  when  the  vectors  v“G)  can 
be  chosen  so  that  l{o]j  =  0  (a  not  summed),  there  is  no 
projective  change  in  the  induced  connection. 
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